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Introduction

Convection-diffusion-reaction equation coupled with the Navier-Stokes

Q : a connected bounded open domain in R? (d =2, 3), 99 : boundary of Q.

g—ltl(r t) — div(v(C(z,t))Vu(z.t))
+(u(z,t) - Viu(z,t) + Vp(z,t) = f(z,t,C(z,t)) in Qx]0,T],
div u(z,t) = 0 in x]0,77],
acC .
En (z,t) + (u(z,t) - V)C(z,t) — aAC(z,t) + roC(z,t) = g(z,t) in Qx]0,T,
u(z,t) = 0 on 99 x 0,7,
C(z,t) = 0 on 9 x]0,T7,
u(zx,0) = ug in Q,
C(z,0) = Co in Q.
o u : fluid velocity. o v : fluid viscosity.
e p : fluid pressure. o « : diffusion coefficient.
o (' : concentration in the fluid. @ 1 : positive constant.

o f=(f1,...,fa) € H1(Q)? : external force.
@ ¢ : external concentration source.

NB : Our main purpose in this thesis is to study the case where o depends on the
concentration C, but as a first step we will consider a constant.
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Continuous problem

Variational formulation

Variational formulation

X =HYQ)Y M =I2Q) and Y =H(Q),

Find (u,p,C) € X x M x Y such that
(%(u(t)‘,v) + (v(C(t))Vu(t), Vv) — (p(t),div v) + cu(u(t),ut),v) = (£, Ct)),v) VveX,
(div u(t), q) = 0 Vg e M,
®{
E(C(t)ﬁ r) +co(u(t),C(t),r) + (VC(t), Vr) + ro(C(t),r) = (g(t),7) Vr ey,
u(0) = uy in Q,
(o) = Co in Q.
with

cu(u(t),u(t),v) = /Q((u(t) -Vu(t)) - v dt and co(u(t),C(t),r) = /?((u(t) -V)C(t)) rdt .
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Continuous problem

Variational formulation

Hypothesis

Q
f(z,t,C(x,t)) = fo(x, 1) + fi(z, C(x, 1)),
where fo € C°(0,7; L*(?)?) and fi is cf -lipschitz with respect to its second
argument, and
Vz € Q,V6 €R, |fi(z,£)| < ex [€],
where c¢, is a positive constant.
@ g€C°(0,T;L*(9)),
@ v € L*(R) and is Lipschitz-continuous, with Lipschitz constant c, .
Furthermore, there exist two positive constants 71 and » such that, for any
0 cR.
151 S l/(@) § l/)Q.

@ uc LQ(Q)d, divup =0, up - ngg = 0 and Cy € LZ(Q).
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Continuous problem

Variational formulation

Existence and uniqueness

Theorem

Under the fixed Hypothesis, Problem (F) admits at least one solution
(u,p, C) € L2(0,T; H ()4 N L=(0, T; L*(Q)4) x L*(0, T; L*(Q)) x L*(0, T; HL(Q)) N L>=(0, T; L*(R)).
This solution is unique if

ue LP(0,T; W'“(Q)d), where p > 4 and r > 4.

Every solution of (E) satisfies the bound

[l wllz=rcz@e + I wllzzomai@e) + | C llee@r2@) + | € 20,782 2)

< é( Il g l20,7:22(2)) + Il fo lz2(0,7:22(2)2) + I w0 22y + || Co l|z2() )

where C' is a positive constant which depends of S, 21, a, 7o and cg, .

Aldbaissy R., Hecht F., Sayah T., Mansour G., A full discretisation of the time-dependent Boussinesq
(buoyancy) model with nonlinear viscosity. Calcolo, 4 (2018).
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Discrete problem Discretization

Space and time discretization

o We use a regular mesh.
e We descritize (u, p, C) using finite element (Pp/Py/Py).
o We discritize in time using semi-implicit Euler method.

Let X5, My, and Y,,;, such that X,,;,, C X, M,;, C M and Y,,, C Y, and for each
n€{1~ 7N}7

Znn = {an € C°(Q) Yk € Tan, s € P1},
Xpn = {vi € COUUD)* ;Y& € Ton, Vajw € Prv, Vijoa=o}
Yo = {7'h S Z'n,h; Th\(jQ:O}?

]\/fnh = {qh € Znh:, / qn dx = 0}
Q
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Discrete problem Discretization

Full discrete scheme

For every n € {1,---, N}, having u}i_l € X(n—1)n and C;L”_l € Y(n—1)n, Find
(uj,p}) € Xon X Mpp, CfF € Yy, such that,

1, _ _ ,
—(uj; = wy ™ va) 4 (W(C ) Vg, Vva)
n
Fdu(uy Tt ug, vi) = (f, div vi) = (E*(CR 1), vi) Vv € X,

(Eds1) ¢ (gn,div up) =0 Yan € My,

1
—(Cp = Cp Y ) + de(uf, Cp )

Tn
+a(VCE,NVrw) +1o(CH i) = (9" 1) Vry € Yon,

with

~ _ , 1o
du(uy, Lupva) = ((uy LV)up,va) + §(<11V(UZ Dup,va)

and 1
do(ufl, Cptyrn) = ((wf - V)CR ) + 5 (div (i) CF 7).



Discrete problem Discretization

Existence and uniqueness

Theorem

At each time step n, for a given u;,‘fl € X(n—1)h» C,"fl € Y(,—1)» and under the
fixed Assumption, problem (Edsl) admits a unique solution

(up,pp, CP) € Xpp X My x Y. Furthermore we have, for m = 1,--- | N, the
following bounds

1, . D1
5 Iluy 172 (@)e 5 ZTn\uZﬁzg(sz)d

n=0
m m
: Cd(Zm 19" 12y + D 7 1 5 2oyt 1| CR 2y + [l 0 172 (ya )
n=0 n=0
1 a m m
3 I CR 1320 T3 an\@%;(m + 70 ZTn I Ck 1220
”:0 71:0 m
< O3 16" Bt 1 2 e )
n=0

where é,; et C 4 are positive constants independent of h and m.
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Indicators

A posteriori error anal Bound

A posteriori error

o Putting up the local error indicators in time and in space
e Bounding the solution error :

C indicators <|lu—upl| < Cs indicators
+ data oscillations + data oscillations

@ Mesh refinement :

2%4%"

FIGURE — Mesh evolution
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Indicators

A posteriori error anal

Indicators
Bound
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Indicators

A posteriori error analysis Bound

We prove optimal a posteriori error estimates by using the norms

[0 = wa]] = ( I utn) = wn(tn) 30

oy max (/ ) - w) % a3 / ") - mount) I dt))l/z

m=1"tm-1

and

€~ Gy = ( | Clta) — Caltn) IBngeys

ot ot 1/2
ramax ([THcw-awB a3 [T 100 -mo i a))
0 m—1

m=1"71t
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Indicators
A posteriori error ana s Bound

Upper bound

Let hy, < csmn,Vn e {1,..., N}, where ¢, is a positive constant independent of n. for each
m € {1,---, N}, the solutions (u,p,C) of (E) and (up,pp,Cy) of (Edsl) satisfy the following a posteriori
estimation :

() 1
[[u — up]l?(tm)+ H = (u—-u,)+u-Vu-mu- Vryu, — = dn (m, fuh)ﬂ'ruh + V(p —pn) l2200,tm:x)

7]
+[[C — Ch]] (tm)+ H C Cp)+u-VC -7 uy - Vﬁ,Ch —— dlv(ﬂ,.uh)”r,.Ch HLQ(Utm )

< f«‘< lg—mrg HiZ(O.,I,m;Y’ Cp Hiﬁ(ﬂ) + [ up —uf) ”?ﬂ(n) +70 || wo —uf [|%

m

+ 1 fo = mofo o sz T 2o D ((Tons, 2+<n;.,,,_~,,,)2+rn<nh,.,~n>2)+rn<n1a,.,m>2))-

n=1KknETnn
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Indicators

A posteriori error analysis Bound

Lower bound

Theorem

We have for all n € {1,--- ,N} :

o (nn ) <c(llC—Cy H%z(f,",],tn;uv(ﬁ,,)) + || C = m:Cp ||2L2(¢,L,1.t”;11'(m)) IE

O Tn("]ilf,n,{nn )2 <

0 1
I E(C —Ch)(t) +u-VC —uj - VO — idivu,’{'C,’f +19(C —CF)

C

2 )
L2(tn—1,tn;H 1 (kn))

+[| C—m:Ch ||%2(tn71-tn:lf1(h‘n)) +1lg—mrg H2L2(ln71,Ln:,H*1(nn)) +Tnhz,,,, Il g™ — an H%z(m[) )
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Indicators

A posteriori error an Bound

Lower bound

Theorem

Let Vu € L>(0,T; L*(Q)?*?), we have for all n € {1,--- , N}
o Mnw,)® e (a0 =wn e, ppimrenys + 11 0= 700 (T2, 40 en)) )

o Tu(lipw,) <

_ 1. _
el | E(u —up) + (u-Vu—uj Loval — 5 div(uj Hul + V(p — pr) 122t st 1 (00)2)
11 C = Chll12tn s tmsz2en) + To | O = CR7H n2giny + | 0 = 0 L2000yt ()

+ 1 uf —allp2(t,_y tnsbt (mn)) + 1 VR(C) = V(C) [lL2(tn_y tnsL2(sn))

n

+ || fo — fo(tn) 1L2(tn_s tnsz2(rn)) Hh2, | E(C) = £2(C) [l L2(tn_y trsH 1 ()2 )




Algorithm
Numerical results
Numerical simulations

Numerical Results

o FreeFem—++.

e 0=10,12,T=1,a=1,70 =1 and v(C) = 0.2sin(C) + 1.

o The exact solution (Wes, Pexy Cer) = (rot ¥, pes, Ces ), where
w(xayat) = xQ(x - 1) (y - 1) SlIl( )

Dex(x,y,t) = (t + 1) cos(mx) cos(my),

Coal, ,t) = —t e~ 10003037 +(s-03)?),

1
@ The initial time step 7 = N and an initial mesh corresponding to
N = 20.
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Algorithm

Numerical results

Numerical simulations

Algorithm :

(1) up —uf™ and Op — CP 1.
We calculate the 1nd1cators

(2) If the error is less than a fixed tolerance — go to the next time step
— go to (1).

Other case — (3).

(3) if the error in space is smaller than the error in time — adaptation
of the time step — go to (1) .

if the error in time is smaller than the error in space — adaptation
of the mesh — go to (1) .
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Algorithm
Numerical results

Numerical simulations

Mesh evolution

V. AN NN

FIGURE — Mesh at ¢t = 0.496

N h%i

FIGURE — Mesh at t = 0.768 FIGURE — Mesh at t = 0.897
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Algorithm

Numerical results

Numerical simulations

08 —_— . ; ; - 02 - 4 + - "
S e I wnifom |
07 e il a1h s, adaptative | |
o8} i TS 1 ==
~ ol =9 ]
5 09} R 4 5 ~ e
£ == 8 01k S 8 1
2 -f el H s )
5 A ) 1 E o2
s | s ~
2 2} 2 1 2 - 1
a3t -~ J 04l 1
aaf = | o5t e d
5L . L 1 . . - — L s i o op o
4 a2 a4 6 a8 s 52 54 2 “ . 5 52 54
Total number of space-time unknowns Total number of space-time unknowns
FIGURE — Total relative errors . F1GURE — Total indicators erreur .

o Total error reduce by 26,59%
o Error indicator reduced by 48.66%
o Time reduced by 40 %
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Algorithm
Numerical results

Numerical simulations

We define the efficiency index as following :

N
Z Z (Tn(7ll4,n,nn)2 + Tn(”;n,nn)g + T’l(nﬁ,nﬂn)Q + Tn("ﬁ,n,nn)z

1/2
b (Fy

N
Dl — w119k — p"lI2) + ICF = C™ (@)

n=1

STU | 10 308 | 18 767 | 21 857 | 69 065 | 242 458
El 8.75 7.79 9.12 8.97 7.52

TABLE — Efficiency index with respect to the total number of space-time unknowns.
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Conclusion and perspect

Conclusion

o Convection-diffusion-reaction equation coupled with the
Navier-Stokes system.

o A posteriori analysis .

o Validation of theoretical results by numerical simulations.

Perspectives

@ Non-constant diffusion term.
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Conclusion and pe
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Conclusion and perspectives

Concentration error :

e Upper bound of the error between the solution C of problem (E) and the
discrete solution C},.

The result depends on the velocity error.

Velocity error :

o Auxiliary problem : time-discretization only.

e Upper bound of the error between the exact solution u of Problem (E) and the
time-affine function u, .

o Upper bound of the error between u, and the discrete solution uy,.

o Combination of these two previous.

The result depends on the concentration error.

The combination of the concentration error and the velocity error gives
us the result using the Gronwall Lemma.
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Conclusion and perspectives

1 - Concentration error

1

Let u and C' be the velocity and concentration solutions of problem (E). Supposing that
u e L2(0,T; L3(Q)%), C € L*°(0,T; L3(Q)) and VC € L*(0,T; L*(2)?), the following a
posteriori error estimate holds between C and the solution Cj, associated to (C}')o<n<n,
solution of problem (Eds1) : for1 <m < N,

tm tm
I Ctm) = Calt) ey +a [ 1€(5) = Culo) I3 ds+ 210 11 €(5) = (o) Iy s

m
= C<Z lg—g" H%Z(tn_l,tnzv’) +1Co—Cy ”%2(9-) +lu—u ”%Q(thm?’ﬁ

77,1

+ Z Z 7](, n, n,‘ (’Wu n, K”) + Tn(ﬂ( itk n">2)>7

n=1KknETnh

where ¢ is a constant independent of the time and mesh steps.
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Conclusion and perspectives

2 - Velocity error

We introduce the following time semi-discrete problem :

Let C;'~! be the concentration component of the finite element solution of (Eds1), then
knowing u"~!, find(u”,p") € X x M such that

1
(Pauz) —(" —u""v) + (v(CpHVu, Vv)

Tr
’ F Vet ) - (div v,pt) = (BY(CPTY), V) We X,

(div u™, q)

Il
o

Vg e M,

with u® = ug and f"(C};fl) =fy+f (C};") with £ = f(¢,).
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2 - Velocity error

Theorem

Let u be the velocity of problem (3) and u. the velocity associated to (u™)o<n<n solution of the
auxiliary problem (Pyyz). Suppose that Vu € L*(0,7; L4(€2)%*?) and u € L>(0,T; L3(2)?). Then,
the following a posteriori error estimate holds

() = wr () 220y +u1/ lu(r) = (7) % dr
< C( || fo —mrfo HL’(U,t:L’(Q)Z) + 1 C—m-Ch “izw,t:u(m) |l 7 = m,ru HiZ(O’t;X) )

where ¢ is a positive constant independent of the time and mesh steps.

Theorem

Let ¢ €]tm—1,tm]. Let hy < csn,Vn € {1,...,1 N}, where ¢; is a positive constant independent of n.
The following a posteriori error holds between u,(¢) and uy(t) :

t
I =)0 s+ [ 11 = 1 o)t
N m
< 1= 98 B 4 w0 = I + 30 X ralrbnn)?),

n=1kn€Tnn

where c is a positive constant independent of the time and mesh steps.
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2 - Velocity error

Theorem

Let hy, < cemy,Vn € {1,..., N}, where ¢, is a positive constant independent of n. Under our assumptions
of Theorem , for ¢ €]t,,_1,t,,], we have the following a posteriori estimation between the velocity u
solution of problem (E) and uj, corresponding to uj of problem (Eds1) :

t
| u(®) = un(t) 172 ()2 +f’1/ | u(s) —un(s) |5 ds < C( Il fo—mofo [I720,6522()2) + | Wo = (7202
0

m
; ; ; h
+70 | uo =) % + | C = mCh “f‘}([).z,]ﬂ(n)) + [l 7ru —m -u ”fﬂ(().t;x) + ZT" Z (7711-71,»&71)2)*
n=1 kn€Tnn

where ¢ is a positive constant.

3 - Error

The combination of the concentration error and the velocity error gives us the result using the Gronwall
Lemma.
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