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Logarithmic Schrödinger-Langevin Equation

i∂tψ +
1
2

∆ψ = λψ log(|ψ|2) +
1
2i
µψ log

(
ψ

ψ∗

)
, (1)

for t ∈ R+ and x ∈ Rd .
⇒ physics : µ > 0. Influence of λ > 0 and λ < 0 ?
• well-posedness ?
• local/global existence ? long time behavior ?
• stationnary solutions ? stability ?
• numerics ?
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Gaussian solutions and related ODE

Plug
ψ(t, x) = b(t)e−

1
2a(t)x2

into (1), a, b ∈ C. After calculations, you get

r̈ =
α2

0
r3 +

2λα0

r
− µṙ , (2)

where
a(t) =

α0

r(t)2 − i
ṙ(t)

r(t)
,

|b(t)| = |b0| exp

(
1
2

ImA(t)

)
,

with A(t) =
∫ t
0 a(s)ds, α0 = Re a0 ≥ 0 and r ∈ R.
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λ < 0 case

Figure – Dynamic of equation (2)
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λ < 0 case

Proposition

r(t) −→
t→+∞

√
α0

−2λ
ṙ(t) −→

t→+∞
0

Corollary

As a(t)→ −2λ, every Gaussian solution ψ tends to a Gaussian

φ(x) = Cλ,α0,β0e
λx2
,

uniquely determined by the IC α0 and b0.
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λ > 0 case

Figure – Dynamic of equation (2)
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λ > 0 case

Proposition

r(t) ∼ 2

√
λα0

µ
t

ṙ(t) ∼

√
λα0

µt

Corollary

‖ψ(t)‖L∞ ∼ Cµ,λ,α0t
− 1

4

‖∇ψ(t)‖2L2 ∼ Cµ,λ,α0,|b0|
1√
t
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Isothermal Euler-Langevin-Korteweg Equation

We recall :

i~∂tψ +
~2

2
∆ψ = λψ log(|ψ|2) +

~
2i
µψ log

(
ψ

ψ∗

)

Madelung transform ψ =
√
ρe iS/~, and define J = ρ∇S/~, then :

∂tρ+ divJ = 0 (3)

∂tJ + div
(
J ⊗ J

ρ

)
+ λ∇ρ+ µJ =

~2

2
ρ∇
(

∆
√
ρ

√
ρ

)
(4)

Remark

Pathological 3rd order quantum potential ρ∇
(
∆
√
ρ/
√
ρ
)
.
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Long-time Behavior

Proposition

λ < 0 case : the density ρ of every solution of (3)-(4) converges to
a stationary Gaussian φ(x) = Ceλ|x−x∞|

2
weakly in L1(Rd).

Proposition
λ > 0 case : define

ρ(t, x) =
1

τ(t)d
R

(
t,

x

τ(t)

)
where τ is the unique solution of the nonlinear ODE : τ̈ = 2λ

τ − µτ̇ .
Then

R(t, x) ⇀ Ce−
|x|2
2 weakly in L1(Rd).
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Splitting Method

i∂tψ +
1
2

∆ψ = λψ log(|ψ|2) +
1
2i
µψ log

(
ψ

ψ∗

)
We solve :
• ∂tψ = −1

2 i∆ψ by FFT,
• ∂tψ = −iλψ log(|ψ|2 + ε) by the explicit solution

ψ(t + ∆t, .) = ψ(t, .)e−iλ∆t log(|ψ(t,.)|2+ε),

• and ∂tψ = −1
2µψ log

(
ψ
ψ∗

)
by an explicit solution

ψ(t + ∆t, .) = a(t, .)e iθ(t,.)e−µ∆t
,

where we decompose ψ(t, .) = a(t, .)e iθ(t,.).
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λ < 0 case

Figure – Solution of equation (1) with initial datum ψ0 in the focusing
case (λ = −0.1, µ = 1).
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λ > 0 case

Figure – Solution of equation (1) with initial datum ψ0 in the defocusing
case (λ = 0.1, µ = 1).
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