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Figure: Arterial walll
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Figure: Tumor invasion
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Mathematical description
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Mathematical description

r 1 |_2 We denote each species density for i = 1, ..., m with
ul, inQ,
ui =
2, inQ2
The reaction-diffusion system fori =1, ..., m:

oy — DiAU; = fi(Uy, ..., Up), in Qr := (0, T) x (Q'uQ?),

ui =0, inX7:=(0,T)x(IMur2),

Om U] =02 = k(U2 - ul), inXrr:=(0,T)xT,

U,'(O,X) = on,'(X) >0, in Q,

with D; > 0, k; € [0, +o].
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Figure: In the right, domain with a thick membrane and in the left, its limit for the thickness ¢ — 0.

> SANCHEZ-PALENCIA E. J. Math. Pures Appl. (1974).
> C. G., Davip N., PouLaiN A. preprint (2021).



State of art

» Membrane conditions: Kedem-Katchalsky conditions
Kebem O., KatcHALsky A. J. Gen. Physiol. (1961).

> Global existence in reaction-diffusion systems without membrane conditions
» BortHe D., PiErRRe M. J. Math. Anal. Appl. (1984).
> Pierre M. Milan J. Math. (2010).
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The hypothesis on the reaction terms

m
Ifi(u)| < C(1 + Z uf) (sub-quadratic growth),

j=1

m
Z fi(u) < C(1 + Z u,-), (mass control),
j=1 j=1
fi(Uty vy U1, 0, Ujs 1, ooy Um ) = 0, (quasi-positivity),
m

Ifi(u) = (V)1 < Cu Dl = v, Yu,v e [0, M]".

Assumption (3) =—— u; are non-negative
Assumption (2) —— mass-control



Main result

Theorem (Existence and regularity)
Assume (1)—(4) and that ky = ... = kn,. Then, for all uy = (Up 1, ..., Up.m), Such that uy € (L'(2)* n(H ) )
the previous system has a non-negative global weak solution which satisfies forall T > 0 and i = 1,

uel?(Qr) and (1+ul)* €30, T;H'(Q)),  Vae [o, %)

u e LE(0. T, W'(Q)) and u e LA(0, T; LA(T)), Vﬁe[ui).

» C. G., PertHaME B. Existence of a global weak solution for a reaction-diffusion problem with
membrane conditions, J. Evol. Equ. (2020).



Effect of the membrane on patterns
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Figure: Example of animals with spots and stripes.
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¢ 2 species: u and v with different diffusion (Dy, D,) and permeability coefficients (ki, kv)
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Figure: Example of animals with spots and stripes.

¢ 2 species: u and v with different diffusion (Dy, D,) and permeability coefficients (ki, kv)
o reaction-diffusion membrane problem with Neumann homogeneous boundary conditions



Turing instability

Theorem (Turing instability)

Consider the linearised reaction-diffusion system around the steady state (u, v) with D, > 0 fixed. We
assume (U, v) to be stable for the dynamical system and
Dur Dvr ku kv Dul Dur

= —_— = — = —_— = — 0= — = .
VD Dul Dvl ’ VK Dul DvI and Dvl Dvr

Moreover, let u be the activator and v the inhibitor. Then, for 6 sufficiently small (that means D,), the
steady state (u, V) is linearly unstable.

> C. G. Effect of a membrane on diffusion-driven Turing instability, preprint (2021)



Numerical results
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Figure: Summary of the evolution of patterns for the activator u varying 6 and k, (then, k).



Conclusions

> C. G., PertHAME B. J. Evol. Equ. (2020).

> Reaction-diffusion membrane problem with Dirichlet homogeneous conditions.
> Existence and regularity theorem.

> C. G. preprint (2021)
> Reaction-diffusion membrane problem with Neumann homogeneous conditions.
> Turing instability: same conditions as for the case without membrane plus
Dur Dvr ku kv
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Thank you for the attention!
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Main result

Definition
We define H' = H; (Q') x H] (%) as the Hilbert space of functions H'(Q") x H'(Q?) satisfying Dirichlet
homogeneous conditions on T*, 1 = 1,2. We endow it with the norm

1
Wl = (1015 g1, + IW2IEs g))?
We let (-, -) be the inner product in H' and (-, -) denote the pairing of H' with its dual space.

Theorem (Existence and regularity)
Assume (1)—(4) and that ky = ... = ky,. Then, for all uy = (Ug 1, ..., Uo.m), Such that

up € (LY(Q)* n (H")*)™, the previous system has a non-negative global weak solution in the sense of the
above Definition which satisfies forall T > 0 andi=1,...,m,
1
uel?Qr) and (1+ul)”€Ll?(0,T;H'(Q)), Vae [o, 5),

u e A0, T; W(Q)) and u e LP(0, T;LA(T)), Vﬁe[ui).



Main result

Definition
We define a weak solution of the previous system as a function u = (u, ..., un) such that for all T > 0 and
i=1,..m, ueL'(Qr), fi(u) € L'(Qr) and for y € D, it holds

—f'J/(O»X)Uo,i'i-f ui(—=0wy — DiAY) = uf.
Q Qr Qr

Theorem (Existence and regularity)
Assume (1)—(4) and that ky = ... = ky,. Then, for all uy = (Ug 1, ..., Uo.m), Such that
up € (L'(Q)* n (H')*)™, the previous system has a non-negative global weak solution in the sense of the
above Definition which satisfies forall T >0 andi=1,...,m,
1
uel?Qr) and (1+ul)”€Ll?(0,T;H'(Q)), Vae [o, E)’

ue LA, T;W'(Q)) and  u e LA(0, T; LA(T)), V,BE[LL).



Steps of the proof

1. Regularisation process.
— u" = (uf, ..., up,), regularized solution of the approximate system with f satisfying the previous
hypothesis.

2. An L2 a priori lemma.
— We extend the Laamri-Perthame a priori L2 estimate of the solution given an L' initial data to the
case of membrane conditions.

3. Existence of a global weak supersolution.

—Compactness result applied to u,. Foralli=1,...,m,

.
- v+ [ ur+ovuwn)+ [ [kl = [ o
Q Qr 0 Jr ar

Goal: n = +oo
— f" does not converge in L
— Truncation method: reaction terms are under control as n — +co and then truncation level to +oo

4. Existence of a global weak solution.



Turing conditions

Lemma (Conditions for w, = z,)
Let

Dur Dvr ku kv Dul Dur
v, = = —, Ve 'i= — = — and 0= — = —.
b Dul Dvl K Dul Dvl Dvl Dvr
A sufficient and necessary condition to have w,, = z, is the following relation
A A A
Lo e, I %0 gpg o Lo
Du Dv Dvl Dul Dvr Dur

Proof
The eigenvalue problems of the Laplace operator with Neumann and membrane conditions for u and v
are equivalent to a problem of the form
A, .
_%A¢HZE s mQ,UQ,
an¢n = O’ in r/ U F,
Oy, = VpOnd,, =V (¢, —¢,), InT.



