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The context

@ Cell motility : ability of cells to
N move spontaneously.

——:. . . . .
/@ @ Lamellipodium : main engine
W of this motion.

© adhesion mechanism : one of

2 Lomelpodum
the key features

2. Adhesion

3.Translocation Cell body movement t

4.De-adhesion

Filopodium

@D Adhesion sites

Stressfiber

Oldadhesion
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Adhesion modelling

@ z.(1) is the position of a single binding site at time .
@ given exterior force f(t) € R, z-(t) minimizes

z.(t) = argmin {21 /R+ \w — z.(t — ca)|? p-(a, t)da — f(t)W} dt

WER 3

z(t—a,) z(t—a,) z(t—a,) =(1)

@ a > 0 age of the linkage
@ ¢ > 0 speed of linkage turnover.
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A mathematical model of adhesion by linkaging

A Volterra integral equation

€

{1/00 (2(t) — 2.(t — ca)) po(a, )da = f(t), t>0
2.(0) = (1) (<0

where
@ p. = pe(a, t) density of existing linkages to the substrate
pe Solves a specific renewal model

€0tpe + Dape + Cc(a tpe—O t>0,a>0
p(@a=0,t) = t)< pe(t, a) da> t>0
pe(a,t=0) = pi(a), az0

with the kinetic rate functions
@ [(.(t) € R, growth factor and (.(a, t) € R, death rate.
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Formal limit when e — 0

The formal limit is given by
{M,o oz = (1) with pro(t)i= | apo(a)da t>0.
0
Zo(t = 0) := 2(0),
where the limit distribution pg is the solution of

dapo + Co(a, t)po =0, t>0,a>0,
pola=0,1) — (1) (1 - [ i@ dé) , t>0,
0
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Mathematical results
Former results

[3 V.M. and D. Oelz

On the asymptotic regime of a model for friction mediated by
transient elastic linkages
J. Math. Pures Appl. 96 (2011).

@ Rigorous proof of convergence when ¢ — 0 for a lipshitz function

f:
|ze — ZOHCO([O,T]) + llpe — P0||00([o,T];L1 ®,)) — 0
@ Ingredients :

> First, convergence of density p. by using a Liapunov functional,
> Then, convergence of z. by using a comparison principle.
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Mathematical results
Former results

[ V.M. and D. Oelz,
On the asymptotic regime of a model framework for friction
mediated by transient elastic linkages
SIAM SIMA (2015).

@ new unknown : Elongation
z.(t) — z.(t — ca)
g
@ Transport problem with a non- local source term

u-(a,t) =

1 )
e0il, + OaU, = . (satf +/ (&, t) ue pe(a,t) dé) , t>0,a>0,
0,e 0

u-(a=0,t) =0, t>0
u-(a,t=0)=u.(a), a>o,

where pg(t) := [5° pe(a, t)da,
@ Weak convergence of u. implies strong convergence of z..
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Mathematical results

@ Main assumption : f € BV((0, T)) N L>((0, T)) where
T
BV(0,T) = {f e L'(0,T) st sup/ foppdt < oo, P € Ce((0, T)), [¢] < 1}
0

@ Main results :

e Case when p := p(a, t) : Convergence result

Z. — Zg strongly in L(0, T) ase — 0,
e Case when p := p(a) : Convergence result

z. — 2 strongly in L'(0, T) as e — 0,
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Mathematical results

p = p(a,t)

Tools needed for the proof of the convergence result :

[§ V.M. and D. Oelz,
On the asymptotic regime of a model framework for friction
mediated by transient elastic linkages
SIAM SIMA (2015).

@ New unknown : Elongation

Z.(t) — z.(t — ea)

Ug(a, t) = -

@ Regularisation of system on u :

1 < . .

e0iUS + 010 = . (efg +/ C(a,t) U p(3t) da> , t>0,a>0,
0,e 0

u(a=0,t)=0, t>0

ul(a,t=0)=u (a), a>o,
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Mathematical results

p = p(a,t)

@ Existence and uniqueness of solution ug in X7, where

Xr:={9 € L5, ((0,T) x Ry) such that sup |g(t,a)/(1+ a)|c < oo}
te(0,7)

by Banach fixed point Theorem.
@ The uniform a priori estimates :

(oo}
/0 pe(a.0|u(a,t)] da < C (Iflgyio,ry: (1 + Apilsga s 125 e )

where C is uniform on £ and on 4.

@ We have

sl oo
120 < Wil + L2I=@

,min
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Mathematical results

p = p(at)
WEAK FORMULATION :

/ / 2 (01 + Dap) da dt + [/Ooo U(s. 2)o(s. a) da] s=T

s=0
:/0 . <sf5+/ ulp. da) (/Ooogo(t,é) dé> dit

Letf € BV(0, T). Then there exists g € BPV([0, T]) s.t

T T
relizg — | relox= /0 pdg, Ve C'([0, T])

st f(t) = g(t), ae te(0,T).
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Mathematical results

p = p(a,t)

Convergenceas 6 — 0 :

@ u® — u. weakly-* in X7 as 6 — 0, where u. is also a solution of
weak problem

s=T

/ / U-(€0; + D3)p dadt + ¢ UOO u-(a, s)e(a, s) da] L

B Jo_w(at)da 1da Jo© Copete da( . N)
B 5/0 H0,e / H0,e /(; (a’ t) da

where
T T
[feli=g- ; st’dX=/O ©dg,

for any p € C}([0, T] x Ry).
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Mathematical results

p = p(a,t)

@ 2

— Z. strongly in L>°(0, T) where z. is given by

za(t):zg(0+)+/ot c dg+/0t

H0,e

1 o0 -
/ CU:p: da dt
Ho.e Jo

and satisfies

€

{1/00 (z.(t) — z.(t — €a)) pe(a, t)da= f(t), t>0
0
z.(t) = zp(1), t<0
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Mathematical results

p = p(at)

Convergenceasc — 0 :

Suppose that (min < (- < (max, then

u:. — Ug weakly-*in Xt

as e — 0, where ug satisfies

/OO Uo(a, 1) po(a t) da = f(t) aet € (0, T).
0

Furthermore, it also holds that

Z. — zg strongly in L*°(0, T) ase — 0.
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Comparison principle in a particular case

0:=o(a)

@ o := p(a) satisfies
{889 + C(a)g = 07 a> 07

w0 =5 (1- [~ ofa) da).

@ Error estimates between z. and zj : 2. := z.(t) — zy(t) satisfies
t
R 1 N .
z.(t)y = — Z.(t —ea)o(a)da+ h.(t)
Ko Jo

@ New unknown .
Z(t)_/ 2.(r)| dr
0

e Z(t) solves :

A

L t
Z(t) < 1 Z.(t—e€a) o(a) da+/ he(r) dr
Ho Jo 0
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Comparison principle in a particular case
0:= o(a)

Theorem

z. tends to zy strongly in L'(0, T) as e goes to zero. Moreover, there

exists a generic constant C depending only on the data of the problem
but not on ¢, such that :

12: = 2ol 10,1y < €C.

@ Comparison principle : construgtion of a super-solution
U-(t) :=e(Ko + Kyt) st U. > |Z.| and U. — 0 as ¢ — 0. for
specific constants Ky and Kj.

Samar Allouch
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Studying the existence and convergence of the solution in the case
when

@ fe L‘(O, T),
@ fis a Radon measure.
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