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The context
1. Cell motility : ability of cells to

move spontaneously.
2. Lamellipodium : main engine

of this motion.
3. adhesion mechanism : one of

the key features

Samar Allouch Mathematical analysis of an adhesive point submitted to an external force of bounded variation 3 / 24



OUTLINE

4 GENERAL INTRODUCTION :
Cell motility
Adhesion modeling

4 MATHEMATICAL RESULTS :
Regular source term
BV source term : Weakly method
BV source term : Comparison
principle

Samar Allouch Mathematical analysis of an adhesive point submitted to an external force of bounded variation 4 / 24



Adhesion modelling

zε(t) is the position of a single binding site at time t .
given exterior force f (t) ∈ R, zε(t) minimizes

zε(t) = argmin
w∈R

{
1
2ε

∫
R+
|w − zε(t − εa)|2 ρε(a, t)da− f (t)w

}
dt

a ≥ 0 age of the linkage
ε > 0 speed of linkage turnover.
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A mathematical model of adhesion by linkaging
A Volterra integral equation

1
ε

∫ ∞

0
(zε(t)− zε(t − εa)) ρε(a, t)da = f (t), t ≥ 0

zε(t) = zp(t), t < 0

where
ρε = ρε(a, t) density of existing linkages to the substrate

ρε solves a specific renewal model
ε∂tρε + ∂aρε + ζε(a, t)ρε = 0, t > 0,a > 0

ρε(a = 0, t) = βε(t)
(

1−
∫ ∞

0
ρε(t , ã) dã

)
, t > 0

ρε(a, t = 0) = ρI,ε(a), a ≥ 0

with the kinetic rate functions
βε(t) ∈ R+ growth factor and ζε(a, t) ∈ R+ death rate.
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Formal limit when ε→ 0

The formal limit is given byµ1,0 ∂tz0 = f (t) with µ1,0(t) :=
∫ ∞

0
aρ0(a, t)da t > 0,

z0(t = 0) := zp(0),

where the limit distribution ρ0 is the solution of∂aρ0 + ζ0(a, t)ρ0 = 0, t > 0,a > 0,

ρ0(a = 0, t) = β0(t)
(

1−
∫ ∞

0
ρ0(ã, t) dã

)
, t > 0,
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Mathematical results
Former results

V. M. and D. Oelz
On the asymptotic regime of a model for friction mediated by
transient elastic linkages
J. Math. Pures Appl. 96 (2011).
Rigorous proof of convergence when ε→ 0 for a lipshitz function
f :

‖zε − z0‖C0([0,T ]) + ‖ρε − ρ0‖C0([0,T ];L1(R+)) → 0.

Ingredients :
Û First, convergence of density ρε by using a Liapunov functional,
Û Then, convergence of zε by using a comparison principle.
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Mathematical results
Former results

V. M. and D. Oelz,
On the asymptotic regime of a model framework for friction
mediated by transient elastic linkages
SIAM SIMA (2015).
new unknown : Elongation

uε(a, t) =
zε(t)− zε(t − εa)

ε

Transport problem with a non- local source term
ε∂tuε + ∂auε =

1
µ0,ε

(
ε∂t f +

∫ ∞

0
ζε(ã, t) uε ρε(ã, t) dã

)
, t > 0,a > 0,

uε(a = 0, t) = 0, t > 0
uε(a, t = 0) = uI,ε(a), a ≥ 0,

where µ0,ε(t) :=
∫∞

0 ρε(a, t)da,
Weak convergence of uε implies strong convergence of zε.
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Mathematical results

Main assumption : f ∈ BV ((0,T )) ∩ L∞((0,T )) where

BV (0,T ) =

{
f ∈ L1(0,T ) s.t sup

∫ T

0
f∂tψdt <∞, ψ ∈ Cc((0,T )), |ψ| < 1

}

Main results :
Case when ρ := ρ(a, t) : Convergence result

zε → z0 strongly in L∞(0,T ) as ε→ 0,

Case when ρ := ρ(a) : Convergence result

zε → z0 strongly in L1(0,T ) as ε→ 0,
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Mathematical results
ρ := ρ(a, t)

Tools needed for the proof of the convergence result :

V. M. and D. Oelz,
On the asymptotic regime of a model framework for friction
mediated by transient elastic linkages
SIAM SIMA (2015).
New unknown : Elongation

uε(a, t) =
zε(t)− zε(t − εa)

ε

Regularisation of system on u :
ε∂tuδε + ∂auδε =

1
µ0,ε

(
εf ′δ +

∫ ∞

0
ζε(ã, t) uδε ρε(ã, t) dã

)
, t > 0,a > 0,

uδε(a = 0, t) = 0, t > 0
uδε(a, t = 0) = uδI,ε(a), a ≥ 0,
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Mathematical results
ρ := ρ(a, t)

Existence and uniqueness of solution uδε in XT , where

XT :=
{

g ∈ L∞
loc((0,T )× R+) such that sup

t∈(0,T )

‖g(t ,a)/(1 + a)‖L∞a <∞
}

by Banach fixed point Theorem.
The uniform a priori estimates :∫ ∞

0
ρε(a, t)|uδε(a, t)| da ≤ C

(
‖f‖BV (0,T ), ‖(1 + a)ρI‖L1(R+),

∥∥z ′
p

∥∥
L∞(R−)

)
where C is uniform on ε and on δ.

We have

‖uδε‖XT ≤ ‖w‖XT +
‖fδ‖L∞(Ω)

µ0,min
< +∞
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Mathematical results
ρ := ρ(a, t)

WEAK FORMULATION :

−
∫ T

0

∫ ∞

0
uδε(ε∂tϕ+ ∂aϕ) da dt +

[∫ ∞

0
uδε(s,a)ϕ(s,a) da

]s=T

s=0

=

∫ T

0

1
µ0,ε

(
εf ′δ +

∫ ∞

0
ζεuδερε da

)(∫ ∞

0
ϕ(t , ã) dã

)
dt

Lemma

Let f ∈ BV (0,T ). Then there exists g ∈ BPV([0,T ]) s.t

[fϕ]t=T−
t=0+ −

∫ T

0
fϕ′dx =

∫ T

0
ϕdg, ∀ϕ ∈ C1([0,T ])

s.t. f (t) = g(t), a.e. t ∈ (0,T ).
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Mathematical results
ρ := ρ(a, t)

Convergence as δ → 0 :

uδε ⇀ uε weakly-* in XT as δ → 0, where uε is also a solution of
weak problem

−
∫ T

0

∫ ∞

0
uε(ε∂t + ∂a)ϕ da dt + ε

[∫ ∞

0
uε(a, s)ϕ(a, s) da

]s=T

s=0

= ε

∫ T

0

∫∞
0 ϕ(ã, t)dã

µ0,ε
dg +

∫ T

0

∫∞
0 ζερεuε da

µ0,ε

(∫ ∞

0
ϕ(ã, t) dã

)
where

[fϕ]t=T−
t=0+ −

∫ T

0
fϕ′dx =

∫ T

0
ϕdg,

for any ϕ ∈ C1
c ([0,T ]× R+).
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Mathematical results
ρ := ρ(a, t)

zδε → zε strongly in L∞(0,T ) where zε is given by

zε(t) = zε(0+) +

∫ t

0

ε

µ0,ε
dg +

∫ t

0

1
µ0,ε

∫ ∞

0
ζεuερε da dt̃

and satisfies
1
ε

∫ ∞

0
(zε(t)− zε(t − εa)) ρε(a, t)da = f (t), t ≥ 0

zε(t) = zp(t), t < 0
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Mathematical results
ρ := ρ(a, t)

Convergence as ε→ 0 :

Theorem

Suppose that ζmin ≤ ζε ≤ ζmax , then

uε ⇀ u0 weakly-* in XT

as ε→ 0, where u0 satisfies∫ ∞

0
u0(a, t) ρ0(a, t) da = f (t) a.e t ∈ (0,T ).

Furthermore, it also holds that

zε → z0 strongly in L∞(0,T ) as ε→ 0.
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Comparison principle in a particular case
% := %(a)

% := %(a) satisfies∂a%+ ζ(a)% = 0, a > 0,

%(0) = β

(
1−

∫ ∞

0
%(ã) dã

)
,

Error estimates between zε and z0 : ẑε := zε(t)− z0(t) satisfies

ẑε(t) =
1
µ0

∫ t
ε

0
ẑε(t − εa)%(a)da + h̃ε(t)

New unknown

Ẑε(t) =
∫ t

0
|ẑε(τ)| dτ

Ẑε(t) solves :

Ẑε(t) ≤
1
µ0

∫ t
ε

0
Ẑε(t − εa) %(a) da +

∫ t

0
h̃ε(τ) dτ

=

∫ t

0
Ẑε(ã)Kε(t − ã) dã +

∫ t

0
h̃ε(τ) dτ
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Comparison principle in a particular case
% := %(a)

Theorem
zε tends to z0 strongly in L1(0,T ) as ε goes to zero. Moreover, there
exists a generic constant C depending only on the data of the problem
but not on ε, such that :

‖zε − z0‖L1(0,T ) ≤ εC.

Comparison principle : construction of a super-solution
Uε(t) := ε(K0 + K1t) s.t Uε ≥ |Ẑε| and Uε → 0 as ε→ 0. for
specific constants K0 and K1.
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Perspective

Studying the existence and convergence of the solution in the case
when

f ∈ L1(0,T ),
f is a Radon measure.
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