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Context

Considered kinetic model

Kinetic model on f(t, x, v)

8,f+6x-(vf)= S(f)
—_ —~

physical transport Source terms
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Context

Considered kinetic model

Kinetic model on f(t, x, v)

of +0x - (vf)= S(f)
—_— —~

physical transport Source terms

|

Gas dynamics
= feg
Kn

for example BGK source term: S(f) = —

Transition regime : 0.01 < Kn < 10
Far from the Maxwellian equilibrium
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Context

Considered kinetic model

Hf+ox-(vh= S(f)
—_— ——

physical transport Source terms

|

Gas dynamics

f—feq
Kn

for example BGK source term: S(f) = —

Transition regime : 0.01 < Kn < 10
Far from the Maxwellian equilibrium

Population of inertial particles in a gas

vg(t,x)—v

S
%))
~
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N~
\

for example drag source term: S(f) = —dy -

Particle trajectory crossing for large enough particles (and St): f is no more a Dirac
delta function

A\
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Context

Considered kinetic model

Hf+ox-(vh= S(f)
—_— ——

physical transport Source terms

Gas dynamics

f—feq
Kn

for example BGK source term: S(f) = —

Transition regime : 0.01 < Kn < 10
Far from the Maxwellian equilibrium

Population of inertial particles in a gas

vg(t,x)—v
t

Particle trajectory crossing for large enough particles (and St): f is no more a Dirac
delta function

for example drag source term: S(f) = —dy -

S
%))
EN
N~

@ The kinetic model is too costly to solve with direct methods of Monte-Carlo type

@ Moments [, vkf(t, x, v)dv of order k smaller than 1 or 2 are not enough to
represent the distribution.

A\
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Moment method

Moment method

Principle of the method
Write equations on a finite set of moments my = (mg, my, ..., my)t:

6tmk+8ka+1:Sk, k:0,1,.,.,N (1)

Closure: express my. 1 (and eventually the source terms S) as a function of my.

Issues:
@ (moy, my, ..., my, mMyyq)tis realizable
@ The system (1) is globally hyperbolic
@ Capture equilibrium state
Strategy
@ Solve the Hamburger truncated moment problem:
find a positive measure p such that my = /(1 Vs v dp(v).
and set my 1 = [ vVVtldp(v) :
@ Give directly my. 1
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Moment method

Moment method

Principle of the method

Write equations on a finite set of moments my = (mg, my, ..., my)t:

Ormy + OxMy 1 = Sk, k=0,1,....N (1)

Closure: express my.1 (and eventually the source terms Si) as a function of my,.

Issues:
@ (mg,my, ..., my, My, 1)l is realizable
@ The system (1) is globally hyperbolic
@ Capture equilibrium state

Examples of closure in the literature

@ Grad closure [Grad, 1949]
— hyperbolic only around the moments of the maxwellian distribution

@ Entropy maximization [Levermore, 1996, Miller and Ruggeri, 1998]
— high computational cost - not valid on the entire realizability domain

@ Quadrature method of moment [McGraw, 1997, Fox, 2008]
— weakly hyperbolic
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Moment method

Moment space

Definition

The n'-moment space M is defined by

Mp = {m ER™ |Jue M (R), m= /(1,v,...,v”)’du(v)}
R

If m belongs to M, then it is said to be realizable.
If m belongs to the interior Int Mp of M, it is said to be strictly realizable.

Characterized by the non-negativity of the Hankel determinants: n > 0

mo ce mn
Hop =

mp ... Moy

my = (mo, My, ..., my)! strictly realizable < H,, >0, k€ {0,1,..., HJ}

My € OMu 1 Mn = Ho > 0, Ho_p > 0,y =0, Hy J:o,kngJ.

In the latter case, the only corresponding measure is a sum of k weighted Dirac delta
functions.

[Shohat and Tamarkin, 1943, Gautschi, 2004, Schmudgen, 2017]
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Moment method

Moment space

Definition

The n'-moment space M is defined by

Mp=<meR™ |34 e M (R), m:/(1,v,...,v”)’du(v)}
R

If m belongs to M, then it is said to be realizable.
If m belongs to the interior Int Mp of M, it is said to be strictly realizable.

Characterized by the non-negativity of the Hankel determinants: n > 0

mo ce mn
Hzn = )
mp ... Moy
First constraints for the strict realizability:

2

my
my >0 me > —
Mo

mom2 — 2mymamg + m3
mamg — m2
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Hyperbolicity

Characteristic polynomial

System on moments

Equations on my = (mg, my, ..., my)t:

omy + 8XF(mN) =S

Characteristic Polynomial

Jacobian matrix

0 1 0 0
0 1 0
DF(my)
Dmy : : : :
W 0 0 0 0 1
Ompy 41 Omp. 4 Omy. 1 Omy. 1
omgy omy omy T omy
Characteristic polynomial
N BmN+

P (X) = XN -3 X'

‘= omi

N
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Hyperbolicity
Moments - Central moments - Standardized moments

moments:

my = / vKF(v)dv
R
central moments: with p = mo, u = 7t and f°(c) = 1f(c+u)

_1 _ k _ k gC
Ck’p/R(V u) f(v)dvf/Rc f(c)dc

sothat Cyp = 1 and C; = 0.
standardized moments: with o = /Cs, f5(s) = %f(u +o8s)

k
_i v—-u _ k £s
S"_mo/R<\/c*2> f(v)dv_/]Rsf(s)ds

sothatSo=1,S; =0and S, = 1.
link:
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Hyperbolicity

Property of the characteristic polynomial

my = (mg, my, ..., my)! be a realizable moment vector such that my > 0 and C, > 0.

linear functional (.)m,, on the space R[X]y

(XKymy = my, fork e {0,1,...,N}.

linear functional (.)s,, associated with the standardized moments Sy = (S, . . -, Sy)t:

(XKy = (X¥)s, = Sk, forke{0,1,...,N}.

Property of the scaled characteristic polynomial

Let us assume that the function Sy,1 does not depend on (my, u, Cs), i.e.,
Sn+1(Ss, ..., Sy). Then, the following polynomial

Pui1(X) =Pyt (u+ C3/2X) ¢y MHD/2
only depends on (S;, ..., Sy), and
(Pny1) =0, (Pyyq) =0, (XPy,q)=0.
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Principle of the method

QMOM: Principles of the method

From a strictly realizable moment vector mo,,_4

Reconstruction

reconstruct the discret measure y = > w;dy,
=
in such a way that
n

> wuf =mg k=0,1,...,2n— 1
i=1

Closure

| A\

n
2n 2n
m2n:/V d/—L:§ wiu;
R >
i=1

It is the minimal value for this moment

A\

Conclusion, Perspectives
(o]
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Principle of the method

QMOM: Principles of the method

From the standardized moments S,,,_1,
with p = mg, u = m1/m0, oc=+0C>

Reconstruction Reconstruction

reconstruct the discret measure y = > w;dy, reconstruct the discret measure

in such a way that = p=)_ pwiduioc in such a way that
n i=1

From a strictly realizable moment vector my,,_ 1

S wiuf =me k=0,1,...,2n—1
i=1

n
> wicf =8 k=0,1,...,2n—1
i=1

Closure ’
n Closure
; 2n (Closwe |
Moy = / vedp = ZW,‘U,-
R B
i=1

n
= _ . .n
It is the minimal value for this moment Son = 21 wic]
. i=

\
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Principle of the method

QMOM: Principles of the method

From the standardized moments S,,,_1,
with p = mg, u = m1/m0, oc=+0C>

Reconstruction Reconstruction

reconstruct the discret measure y = > w;dy, reconstruct the discret measure
i=1

From a strictly realizable moment vector my,,_ 1

1= pwidutoc in such a way that

in such a way that
n i=1

S wiuf =me k=0,1,...,2n—1
i=1

n
> wicf =8 k=0,1,...,2n—1
i=1
Closure ’
"
Moy = / v2ndy = Z w;u2"
R -
i=1

n
Sop = Z WiCiZ[7

i=1

It is the minimal value for this aoment

\

@ The reconstruction w is the only one possible for the moment vector my,,.
@ my, is at the boundary of the moment space: H,, = 0
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Principle of the method
QMOM: Computation of the weights and abscissas
my,_1: strictly realizable moment vector

Orthogonal polynomials

Family (Qk)x=o,...,» of monic orthogonal polynomials for the scalar product
(P, q) — (pq) of Rn[X].

Que1(X) = (X — aK) Qu(X) — bk Q—1(X)

with Q_1 =0and Q = 1.
The recurrence coefficients ax and b, can be found from the standardized moments
using the Chebyshev algorithm [Chebyshev, 1859, Wheeler, 1974, Gautschi, 2004]

a = (XQ2) by = (Q5) _ HokHak—a
@’ (@ ) Hy 5
example
S5 — S3(2 + S2 + 2H,
a =0, a; = S, ap =2 22+ S; + 2H)

Hy
bo=1, bi=1, bo=Hy,  by=Hg/H;
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Principle of the method

QMOM: Computation of the weights and abscissas

my,,_1: strictly realizable moment vector

Orthogonal polynomials

Family (Qx)k=o,...,» of monic orthogonal polynomials for the scalar product
(p.q) ~ (pq) of Ra[X].

Q1 (X) = (X — ak) Qu(X) — bk Qk—1(X)

with @Q_1 =0and Qy = 1.
The recurrence coefficients ax and b, can be found from the standardized moments
using the Chebyshev algorithm [Chebyshev, 1859, Wheeler, 1974, Gautschi, 2004]

The abscissas c; are the zeros of Qp and also the eigenvalues of the Jacobi matrix

ag \/E
\/E aj \/5
Jn = ° : . i
bn_2 an—2 bn_+
v/ bn_1 an—1
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Hyperbolicity

Hyperbolicity of the QMOM method

The QMOM closure b, = 0 induces the following characteristic polynomial Pp, = Q2
and the system is only weakly hyperbolic.

proof [Chalons et al., 2012, Huang et al., 2020]
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First version of HyQMOM
First version of the HyQMOM closure [Fox et al., 2018]

Extension of QMOM, adding one moment and one abscissa for the reconstruction
[Fox et al., 2018]

three-node HyQMOM

reconstruction with an additional fixed abscissa u = wydy + Z w;dy, in such a way that
n i=1
wouk +> wiuf =me k=0,1,...,4

i=1

in term of the standardized moments: S5 = S3(2S; — S§)

Theorem (Hyperbolicity)

Assuming that the vector my is strictly realizable, then system with the three-node
HyQMOM closure is hyperbolic.

Problem

@ The generalization to a larger number of moment is not easy
@ The eigenvalues of the problem do not tend to the ones of QMOM when H, — 0
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New HyQMOM closure

New HyQMOM closure [Fox and Laurent, 2021]

Idea:
@ Instead of looking at a reconstruction or at a closure on Sy,1, one looks at an.
@ Have a reduced characteristic polynomial on the form

Pani1 = Qn[(X — an)Qn — BnQn—1]
such that 8, tends to zero when H,, — 0.

Foralln=1,2,...; let the monic polynomial P1 be given by
Pant1 = Qo [(X — an)Qn — BnQn_1] an, Bn € R
Then, the following statements are equivalent:

(i) (P2ny1) =0, (P}, ) =0and(XP} ) =0.
. 1 2n + 1
(||) ap = an = E kZ:O ag andﬁn = - bn.
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New HyQMOM closure

New HyQMOM closure [Fox and Laurent, 2021]

Foralln=1,2,...,9; the scaled characteristic polynomial can be written as
Pant1 = Qn[(X — an)Qn — BnQp—1]

if and only if the closure on Sy, defined through the coefficient an, and the
coefficients ap and Bn are related to the recurrence coefficients ay and by by

124 2n+ 1
an = = - ax, = bn.
n (6] nkz:zo k 5n o n

Proof using formal computation with matlab symbolic:
fromthe ay and by, k =0,...,n—1 (withay =0,a; =1, by = 1)

—1
1 n

set the closure ap = — a

O suockers Lo

e compute the Standardized moments Sy, 1 with the reverse Chebyshev algorithm
e compute the coefficients ¢k of Pap 1
Q compute the polynomials Qx, k = 0,1,...,n

2n+1
© compute Papyq — Qn [(X —an)Qn — :

bnOn—1
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New HyQMOM closure

New HyQMOM closure [Fox and Laurent, 2021]

Theorem

Foralln=1,2,...,9; the scaled characteristic polynomial can be written as
P2n+1 =Qn [(X - Oén)Qn - ,BnQn—1]

if and only if the closure on Sy, 1, defined through the coefficient an, and the
coefficients apn and Bn are related to the recurrence coefficients ay and by by
n—1

3n=an=EZak7 Bn =

k=0

2 1
ULy

”
Examples

@ n=1: S3 =0 (as for the Maxwellian reconstruction)

@ n=2:S5 = }5;5(5S; — 3S% — 1) (different from the previous version:
S5 = S3(254 — S3))




Conclusion, Perspectives

QMOM HyQMOM Results
(o]

Introduction
000000 0000000

0000000

Properties - Practical computations

Hyperbolicity - Eigenvalues

0000

When B, > 0, the n+ 1 roots of R 1 = (X — an)Qn — BnQn—+ are real-valued and
bound and separate the n roots of Qp.

comes from Christoffel-Darboux formula.

The roots of P, .1 are then the eigenvalues of the two following Jacobi matrices:

Vbt do Vbi

ao
v/ by a v/ b2 \/E a V by
bp_2 an_o bn_1 bp—1 an—1 VBn
v Bn Qan

v/ bn_1 an—1
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Properties - Practical computations

Hyperbolicity - Eigenvalues

When B, > 0, the n + 1 roots of Ry11 = (X — an)Qn — BnQn_+ are real-valued and
bound and separate the n roots of Qp.

comes from Christoffel-Darboux formula.
Example of the evolution of the eigenvalues with Hy,

S =1 (Ss,S4,S5) = (1,5,-8)
n=2 n=3
20 700
600
15 500
_ 400
=10 e
300
5 200
100
0 0
8 6 4 2 0 2 4 6 8 5 0 5 0 5 10 15
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Properties - Practical computations

Hyperbolicity - Eigenvalues

When B, > 0, the n + 1 roots of Ry11 = (X — an)Qn — BnQn_+ are real-valued and
bound and separate the n roots of Qp.

comes from Christoffel-Darboux formula.
Example of the evolution of the eigenvalues with Hy,

S =1 (Ss,S4,S5) = (1,5,-8)
n=2 n=3
20 700
600
15 500
- 400
=10 e
300
5 200
100
0 0
8 6 4 2 0 2 4 6 8 5 0 5 0 5 10 15
n u

The moment system with the HyQMOM closure is then hyperbolic, whatever the strictly
realizable moment.
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Properties - Practical computations

Practical computations

Closure, directly from the moments m,,

@ compute the (ék)z;(; and (Bk)Q:O from my,, with the Chebyshev algorithm

1
_o1=l
© settheclosure @, = — > 3
m=

Q compute mop1 using the reverse Chebyshev algorithm
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Properties - Practical computations
Practical computations

Closure, directly from the moments m,,

compute the (ax "1 and bk )"_,, from my, with the Chebyshev algorithm
k=0 k=0

1
_o1=l
© settheclosure @, = — > 3
m=

Q compute mop1 using the reverse Chebyshev algorithm

”
Eigenvalues of the system

eigenvalues of the two following Jacobi matrices:

/b 2 /B
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Properties - Practical computations

Practical computations

Closure, directly from the moments m,,

@ compute the (ék)Z;g and (Bk),’(’:o from my, with the Chebyshev algorithm

1
_o1=l
© settheclosure @, = — > 3
m=

Q compute mop1 using the reverse Chebyshev algorithm

”
Eigenvalues of the system

eigenvalues of the two following Jacobi matrices:
E \/E £ \/E
NCREE TS NCREE TS

= = = = = 2041
b, an—2 bp_1 bp_1 an—1 %bn

vV bp_1 an—1 V %Bn an

v
Reconstruction

A reconstruction as a sum of weighted Dirac delta function corresponds to the closure.
The abscissas and weights can be easily computed from the (&, bx)k=o,...,n-

A
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Configuration

The 1D Riemann problem

problem at the kinetic level

Two homogeneous sprays, with Gaussian distribution and infinite Stokes, crossing.
Problem at the kinetic level

Of + Ox(vf) =0,
f(v;0,x) = Mqs(v — U(x))

otherwise.

Mo(v—1) ifv>x/t,
My (v+1) otherwise.

I :
with o = 1/3 D(X):{11 ifx <0,

Analytical solution f(t, x, v) = Ms(v — U(x — vt)) = {

t=0:
o8 () ° os
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Configuration

The 1D Riemann problem

problem at the kinetic level

Two homogeneous sprays, with Gaussian distribution and infinite Stokes, crossing.
Problem at the kinetic level

Of + Ox(vf) =0,
f(v;0,x) = Mqs(v — U(x))

witho =1/3 _ 1 if x <0,
u(x) = )
—1 otherwise.

o —1 f 1)
Analytical solution f(t, x, v) = Ms(v — U(x — vt)) = {Aj\: EZ i 13 l)t;eTwTs/et

moment problem
8,mk+axmk+1 =0, k=0,...,2n

with the initial condition for the standardized moments

_ Sok—1 =0,
=1 = C5(0,x) = o, =2,...,
p(0,x) =1, u(0,x)=10(x), Cz(0,x)=0 {Szk ~ (2K - 1)Suk o, 1

numerical scheme: HLL [Harten et al., 1983]
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Results

The 1D Riemann problem - Results

moments - cases n=2,3,4

2 1
25
=15 =0 = 2
1.5
1 1
04 -02 0 02 04 04 -02 0 02 04 04 -02 02 04
I z I
2 7
5
6
So Ss <o
4
5
2 3
04 02 0 02 04 04 02 0 02 04 04 -02 02 04
I z I
2 100
» 20
20
=18 e < 80
= = =
16
14
60
12 20
04 02 0 02 04 04 -02 0 02 04 04 -02 02 04
I z I

Good behavior on this hard test case. J
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Results
The 1D Riemann problem - Results
standardized moments - cases n=2,3,4
2 1
1.5
=15 =0 SR
0.5
]0.4 -0.2 0.2 0.4 -]0.4 -0.2 0.2 0.4 0.4 0.2 0 0.2 0.4
s
2 10 50
8
%0 w6 % 0
4
2
2 -50
-04 -02 0.2 0.4 04 -0.2 0.2 0.4 -0.4 0.2 0 0.2 0.4
s
200 1000 6000
% 100 %0 o 4000
2000
-1000
-04 -02 0.2 0.4 -0.4 0.2 0.2 0.4 04 -0.2 0 0.2 0.4

Good behavior on this hard test case.
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Results

The 1D Riemann problem - Results

first moments - case n=10

2 1
0.5 25
S15 S0 = 2
-0.5 15
1 1
0.4 0.2 0.2 0.4 0.4 0.2 0 0.2 0.4 0.4 0.2 0 0.2 0.4
a P a
2 7
5
1 6
B s =0
1
4 -5
-2
-0.4 0.2 0.2 0.4 0.4 0.2 0 0.2 0.4 0.4 0.2 0 0.2 0.4
a P a
25
20 100
20 10
= =0 5 80
15 -10
60
10 -20
-0.4 0.2 0.2 0.4 0.4 0.2 0 0.2 0.4 0.4 0.2 0 0.2 0.4
a P a

Close to the analytical solution. )
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Results

The 1D Riemann problem - Results

first standardized moments - case n=10

2 1
1.5
05
S15 =0 S
0.5 05
1 1
04 0.2 02 04 04 02 0 02 04 04 0.2 02 04
a z a
2 10 40
1 20
%0 w5 %0
4 20
o o -40
04 -02 02 04 04 02 0 02 04 04 0.2 02 04
a z a
200 1000 6000
150 500
. . 4000
“ 100 I o A
o -500 2000
0 -1000 0
04 02 0 02 04 04 -02 0 02 04 04 02 02 04
a z a

Close to the analytical solution.
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Results

The 1D Riemann problem - Convergence

error on the moments

error

¢ | odd order
¥ | moments

S } even order
moments

n

The moment method seems to converge to the solution of the kinetic equation when
the number of moments increases. J




o

o
o

Q
o

Introduction

@ Context

@ Moment method
@ Hyperbolicity

QMOM
@ Principle of the method
@ Hyperbolicity

HyQMOM

@ First version of HyQMOM

@ New HyQMOM closure

@ Properties - Practical computations

Results
@ Configuration
@ Results

Conclusion, Perspectives

«0O» «fFr «

== DAl o708



Introduction QMOM HyQMOM Results Conclusion, Perspectives
0000000 0000 000000 0000000 oe

Conclusion and Perspectives

@ Closure inducing a global hyperbolicity
@ Include the Maxwellian distribution

@ Good behavior at the boundary of the moment space
@ Efficient algorithm to compute the closure and the eigenvalues
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Chebyshev algorithm

Three terms recurrence relation for a sequence (Qx)x>q of orthogonal polynomials
relative to (., .):

Qrp1(X) = (x — ak) Q(x) — bk Qx—1(x).

Chebyshev algorithm [Chebyshev, 1859, Wheeler, 1974, Gautschi, 2004]

Ziep = (QXP)
Z_1p=0, Zo,p = Mp
Zki1,p = Zkp1 — @kZk,p — BkZk—1,p-
m Z Z Z_
bg = mg, a = 4, Vk >0 b= S . ax = Kt K=K

b k - 77
mo Zk—1 k-1 Zk k Zk—1 k-1
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