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Mathematical models of heterogeneous media: Constitutive properties are
described by functions of the form a = a(%). The microstructure is
characterized statistically, a = a(x) is a realization of a random distribution.
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We are interested in linear conductivity model (of thermal of electrical type):
-V -a(:)Vu. =V -f,
posed in a domain Q C R? with Dirichlet boundary condition.

£

u:. = temperature or electric potential.

exterior forcing,

Goal: Find an equivalent homogeneous model (in the limit £ | 0) with
effective conductivity a=function of the different conductivities of the
microstructure and its distribution.

Nicolas Clozeau Optimal decay of the parabolic semigroup for elliptic systems with correlated



Optimal . . . .
decay of At first sight, the formula for 3 is more subtle that the simple average E[a].

the
parabolic

semigroup
for elliptic
systems
with
correlated
coefficient
fields

Nicolas

Clozeau

The homog-
enization
theory

Nicolas Clozeau Optimal decay of the parabolic semigroup for elliptic systems with correlated




Optimal . . . .
ez At first sight, the formula for 3 is more subtle that the simple average E[a].
the . . . .
parabolic Look at the simple case of resistors in series:
semigroup
for elliptic
systems |

with
correlated I
coefficient 0
fields

1

The resistors are independently and identically distributed : let (b;)ien be

Bernouilli's law (with parameter p) and:
The homog-
enization
theory

+oo
)= o o ) Sty (2).

i=1

Nicolas Clozeau Optimal decay of the parabolic semigroup for elliptic systems with correlated



Optimal . . . .
decay of At first sight, the formula for 3 is more subtle that the simple average E[a].

the

parabolic Look at the simple case of resistors in series:
1

semigroup
for elliptic
systems |
with
correlated [
coefficient 0
fields

The resistors are independently and identically distributed : let (b;)ien be

Bernouilli's law (with parameter p) and:
The homog-
enization
theory

+oo
)= o o ) Sty (2).
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We assume that f = 0 and we impose a difference of potential fol ul =1. The

conductance of the system is given by:

—1 L -1

I E
0 3(?)

Z 1
d = e
X : a0+ (a1 — ao)b;

i=1
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Two conditions for homogenization:
o The law of a is stationary: for all x € R?, a ~ a(- + x).
@ The law of a is ergodic: encodes decorrelation of a at large distances,
aly and aly become independent as dist(U/, V) 1 +oo.
Qualitative homogenization theory:
(i) There exists U s.t

Ue j)ﬁ and Vu. — Vi in L*(Q) as.

(ii) T is characterized by
-V.-aVui=V-f,

(iii) The homogenized matrix 3 is given by: for all i € [1, d]

ae; = E[a(V¢i + e)],

where ¢; denotes the corrector in the direction e;, the distributional
solution in R? of

—V - a(Vei + &) = 0 with %][ 6i> — 0.
Br

RT+00
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E / Vzl| < 2B / (6(2) + o(2)/2) V() 2dx |

with o = (o)« the flux corrector satisfying

d
V.oi:= Zaka,'jk = a(Vd),— + e,-) — ae;.

k=1
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and the homogenization error z. := u?* — u. satisfies for all w CC Q

EU IVzelz} SszE[/ﬂ(lab(Z)I“r o (2))IV*a(x)Pdx |

The homog-
enization
theory

with o = (o)« the flux corrector satisfying

d
V.oi:= Zaka,'jk = a(Vd),— + e,-) — ae;.

k=1
Quantitative estimates are given by the quantification of E[|e¢(%)[’] _f 0 and
el0
E[\50(§)|2] — 0: Requires a quantification of the ergodicity.
el0
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We use a Gaussian model a = A(g) for A smooth, g : R — R a Gaussian
field with correlation

|, y)| = [Elg(x)e)]l < C(1+ x = y]) 77,

for C > 0 and 8 > 0. The algebraic decay of the correlations quantifies the
ergodicity.

We use a parabolic approach:

Orui—V-aVu; =0 inRY x (0,400)
u(0) =V - ag

Nicolas Clozeau Optimal decay of the parabolic semigroup for elliptic systems with correlated



Optimal
decay of

pa:beo”c We use a Gaussian model a = A(g) for A smooth, g : RY — R a Gaussian

semigroup field with correlation

for elliptic
systems

conelted |, y)| = [Elg(x)e)]l < C(1+ x = y]) 77,

coefficient
fields

s for C > 0 and 8 > 0. The algebraic decay of the correlations quantifies the
Clozeas ergodicity.

We use a parabolic approach:

H d
Quantitative 87-“;' -V aVUi =0 in R x (07 -|—OO)
approach to _ . )
homoge- U(O) - v ae;

nization

The relationship with the corrector:

o = /;OO ui(r,-)dT.

We can infer optimal estimate on ¢; by showing optimal decay estimate of u;.
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with § < 1, A(0) = 0 and A’(0) = 1. We linearize at first order u; ~ §u; with

9,U; — AU; =0 in R? x (0, +00)
u0)=V-ge
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w(rx) = [ Vr(rx=y)-g)ady.

o Using the decay of correlations |c(x, y)| := [E[g(x)g(»)]] < (1 + |x —y|) 77,
B e bound the variance as

Blw(r 0 = | | [ (VT(rx)- e)(VT(r.y) - @) Ele(e(y)ldx dy

nization

< [ [N EIvT eI+ - y) Py,
Rd JRI
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/ VT (r )1+ [x — y])~*dy

Quaniate - / VT (ry)I(1+ [x — y])~Pdy
homoge- Rd\Bﬁ(x)
nization
_B _1_8
<772 fod IVI(Ty)ldyST 27 2
L N ) R T
Bﬁ(x)

<supy e [VT(7y)] .figﬁ(HM)*Bd}’S(IHOg(T)ﬂB:d)T—
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To summarize:
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It holds in the non-perturbative regime and for any stochastic moments
p < +o0.

Nicolas Clozeau Optimal decay of the parabolic semigroup for elliptic systems with correlated



Optimal
decay of
the
parabolic
semigroup
for elliptic
systems
with
correlated
coefficient
fields

Quantitative
approach to
homoge-
nization

We deduce the control of the growth of the corrector:

Corollary (Growth of the correctors and homogenization error (under Hélder

regularity of a)

Let p < +00. For all x € R,

E[l¢(x) — $(0)"]7 + E[lo(x) — o(0)I"]»

(x| +1)"%  forB <2,

< ul|x]) = Iog%(|x|—|—2) forB=2,d>2o0rf>2andd=2,
log(|x| + 2) for 3 =d =2,
1 for 6> 2 and d > 2.
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We deduce the control of the growth of the corrector:

Corollary (Growth of the correctors and homogenization error (under Hélder

regularity of a)

Let p < +00. For all x € R,

E[l¢(x) — $(0)"]7 + E[lo(x) — o(0)I"]»
(x| +1)

8
-3

)= J logZ(Ix| +2)
< u(x|) inua)
1

For all w CC Q,

E[||Vy

2sc
€

1 3 2
- VUSHZ(W)]P S EM(E 1)(/M2|Vf|2) 0

for B < 2,
forB=2,d>2o0rf3>2andd=2,
for 6 =d =2,

for > 2 and d > 2.
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