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Lattice Boltzmann schemes: collide and stream
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How to devise the scheme and basic features of LBM

The relaxation matrix S and the equilibria are selected by Chapman-Enskog expansions
[CHAPMAN AND COWLING, 1991] or using the equivalent equations [Dusois, 2008].
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The relaxation matrix S and the equilibria are selected by Chapman-Enskog expansions
[CHAPMAN AND COWLING, 1991] or using the equivalent equations [Dusois, 2008].

Most important features of the lattice Boltzmann schemes are:

©® Advantages
o Fully explicit.
¢ Cheap.
* Strongly parallelizable.
® Disadvantages
* Rely on a uniform Cartesian mesh and a particular time discretization.

¢ Only formal justification and a counter-intuitive way of imposing the physics.
¢ Stability conditions.

¢ Boundary conditions.
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Observation

In many problems, almost all the variability of the solution in B
concentrated in few spots (shocks or steep zones). This could be \
the solution of a lattice Boltzmann scheme.

Aims
* Reduce the computation time of the numerical methods.

* Reduce the memory foot-print.

Solution

 Spatial mesh adaptation and adaptive numerical methods.

Until now, two approaches are available:

¢ Fixed meshed. [FiLiprova aND HANEL, 1998], [LIN AND LAI, 2000], [KANDHAI et al., 2000], [DUPUIS AND
CHOPARD, 2003].

¢ Adaptive mesh refinement (AMR). [RoHDE et al.,, 2006], [FAKHARI AND LEE, 2014], [FAKHARI ef al.,

2016].
[ Method H Simplicity Problem independence Optimization Error control ‘
Fixed mesh L] oo oo oo
AMR || _u] L] oo
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...and multiresolution

Compared to the existing techniques, we want to achieve the following:

Constraints
¢ Dynamically adapt to the solution as time ¢ advances (vs. fixed meshes).
¢ Error control by a small factor 0 < e < 1 (vs. fixed meshes and AMR).
¢ Problem independence (vs. fixed meshes and AMR).

¢ No scheme manipulation (vs. fixed meshes and — some - AMR).
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Multi-level grids and
multiresolution
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We use linear operators with stencil size v of order p = 2y + 1 (extended for d > 1 by tensor
product [BIHARI AND HARTEN, 1997])

~ _ _ _ Y — _
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The detail, measuring how the prediction is good vs the actual average

—a N —a
dek=Ffgp—fek

We have the isomorphism
(Means finest level) (Means coarsest level) + (Details each level)
—a —a S —a
T = (FLdLs1rmd] 0125
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The fundamentals of multiresolution

The more regular the function, the faster the details become smaller with #: we can remove
unuseful information without affecting the quality of the data.

Following (Coun eral., 2003], let T¢ such that

_, t . _ _ — ~a ~a t ~a
() SOMPUES E) (dfy1)e, (di) LIRS, () (@), () RS (F D), with
éa 0, if maxg-q__g4-1 Iﬁf AR
k== ’
d?,k, otherwise.
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The fundamentals of multiresolution

The more regular the function, the faster the details become smaller with #: we can remove
unuseful information without affecting the quality of the data.

Following (Coun eral., 2003], let T¢ such that

— computes — — — t t — =a =Qa computes =& .
FD 2 (FD, @)oo ) S (FD, ), - (dD) o (FT), with
éa 0, if maxg-q__g4-1 Iﬁf AR
Lk =\= . ’
d?,k, otherwise.
We can control the error
— —a ¢ —<a —<a
ep=2", = Ifi-FLlw =1FL-TefLlepr < Cur(y. ple.

¢ Less information to store: detail to zero = erase the cell.

¢ Reconstructing information controlling the error (not possible with AMR).

Level (j)

o
o

! ! 7125



The fundamentals of multiresolution

Issue

The previous procedure is static in time! Our problem evolves in time.

LBellotti, Gouarin, Graille, Massot - Multidimensional fully adaptive lattice Boltzmann methods with error control based
on multiresolution analysis - Submitted to JCP - 2021 - https://arxiv.org/abs/2103.02903.
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Given a threshold 0 < € < 1, the mesh is adapted at each time step using

Coarsen Cpp if mo?x@?k\sz”m{e,

dAae-1)

Refine Cyp if m(fx@?,k\zz* tHe + security cells.

LBellotti, Gouarin, Graille, Massot - Multidimensional fully adaptive lattice Boltzmann methods with error control based
on multiresolution analysis - Submitted to JCP - 2021 - https://arxiv.org/abs/2103.02903.

8/25


https://arxiv.org/abs/2103.02903

The fundamentals of multiresolution

Issue

The previous procedure is static in time! Our problem evolves in time.

coarsen keep refine

‘ —a
t t » maxg |d[,k|

o—dAl, 2—d(Al-1)+]i,

Given a threshold 0 < € < 1, the mesh is adapted at each time step using

Coarsen Cpp if mo?x@?,k\sz”m{e,

dAL=D+Le 4 security cells.

Refine Cypp, if muax\afyk\zzf

For hyperbolic conservation laws, two basic principles guide the procedure are:

¢ Propagation of information at finite speed via advection phase: security cells.

¢ Regularity loss by non-linearity of the collision operator: refinement.

LBellotti, Gouarin, Graille, Massot - Multidimensional fully adaptive lattice Boltzmann methods with error control based
on multiresolution analysis - Submitted to JCP - 2021 - https://arxiv.org/abs/2103.02903.

8/25


https://arxiv.org/abs/2103.02903

Adaptive lattice Boltzmann /
multiresolution method



Adaptive lattice Boltzmann method

ADAPTIVE MESH generated by
MULTIRESOLUTION ANALYSIS

2 Bellotti, Gouarin, Graille, Massot - Multidimensional fully adaptive lattice Boltzmann methods with error control based
on multiresolution analysis - Submitted to JCP - 2021 - https: //arxiv.org/abs/2103.02903.
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Adaptive lattice Boltz method

ADAPTIVE MESH generated by
MULTIRESOLUTION ANALYSIS

7
»
Z 4 . v )
¥ v

« Collide f j,(t) = M ! ((I— Symg g (1) + smewg,km,...)).

We have introduced?:

. —a _Fax 1 o éa,* oy ﬁu’,*
Stream 77, (1-+00) = Fe (0 + g (Spege Ton0=Sp e F2700).
where we have taken
Bop = k22 46 8€(0,...,250 139y,
(S’g’k =Bep—ca)~Brk, A}, =Bek~ B~ Ca)-

In the figure, cq = (1,1). Why is it interesting?

2 Bellotti, Gouarin, Graille, Massot - Multidimensional fully adaptive lattice Boltzmann methods with error control based
on multiresolution analysis - Submitted to JCP - 2021 - https: //arxiv.org/abs/2103.02903.
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Achievements of the method

¢ Reduction in the computational cost, for at least three reasons:

* Collision: Less evaluations of the non-linear equilibrium functions.
¢ Collision: Less changes of variable to perform via M.

¢ Stream: Less numerical fluxes to compute. (ﬁ(gg‘k) oc 2d-NU=0)  od(L=0))
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¢ Reduction in the computational cost, for at least three reasons:

* Collision: Less evaluations of the non-linear equilibrium functions.
¢ Collision: Less changes of variable to perform via M.

¢ Stream: Less numerical fluxes to compute. (ﬁ(gg‘k) I3 2(’1'”@'1) < Zd(z'p)).
¢ Less memory occupation for solutions with fronts/shocks.

 (NEWY) Error control: introducing the weighted ¢! difference

— >a _ ,REF,a
E[ma](t)—Zke“)"--vzl‘"}d Ax|m (D= mpy, m‘
_ REF,a '
Zke(O,,,,,zL—l}d Ax mz (t)'

under some assumptions, we have

E[m®)(T) < C(Te.

¢ (NEWY?) No scheme modification: everything done on the finest resolution via the
reconstructions.

¢ (NEWY?) Works for any scheme.
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(Quick) Assessment



2D non-isothermal Euler system

We consider the non-isothermal Euler system with the well-known Lax-Liu problem [Lax anp
L, 1998] simulated using a vectorial D2Q4 scheme3:

Colors: mesh levels — Contours: density field — Arrows: velocity field.

Dynamic adaptation, following shocks and fronts.

3 Bellotti, Gouarin, Graille, Massot - Multidimensional fully adaptive lattice Boltzmann methods with error control based

on multiresolution analysis - Submitted to JCP - 2021 - https: //arxiv.org/abs/2103.02903. 11/25
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2D non-isothermal Euler system

o
%3
f

=}
=
L

I
=
s

S
o
L

MemCR(t)/MeshCR(t)

- = 10c02 - c
—-— ¢ = 5.00-03
—-— ¢ = 1.00-03

e
=
L

e
o
L

o

0.0 0.1 0.2

MemCR(t)/MeshCR(t)
(=]
=

» We effectively reach high compression rates (left) - low memory footprint.

¢ Error control by € (right), showing the potetial of the multiresolution.
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Promises kept but ... Need for a finer analysis

The assessment has also been done on parabolic problems, such as on the von Kdrmén
vortices with the incompressible Navier-Stokes system.
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Promises kept but ... Need for a finer analysis

The assessment has also been done on parabolic problems, such as on the von Karméan
vortices with the incompressible Navier-Stokes system.
What do we have

The scheme kept its promises, in particular we have small (~ €) controllable errors with
respect to the reference scheme, thanks to multiresolution.

Questions
Besides this nice control:
* How do we perturb the original system?
¢ What are the physical phenomena that we are still correctly modeling?

¢ Can multiresolution reduce these perturbations compared to traditional methods?

Answer

Adapt the available asymptotic analysis (equivalent equations [Dusois, 2008]) used to analyze
the lattice Boltzmann schemes.

To the best of our knowledge, first precise analysis of the effects of mesh adaptation on LBM
schemes.

13/25



High accuracy and equivalent
equations




Target expansion

We want to find the maximum order of accuracy? of our adaptive strategies according to the
size of the prediction stencil y. We adopt the point of view of Finite Differences [Leveque, 2002].
When considered at the finest level L

f“(t+At,xzyk) :fa'*(t’xi,k—ca) = fa'*(t,xzyk—can).

4Bellotti, Gouarin, Graille, Massot - High accuracy analysis of adaptive multiresolution-based lattice Boltzmann schemes
via the equivalent equations. - Submitted to the SMAIJCM - 2021 - https://arxiv.org/abs/2105.13816
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Target expansion

We want to find the maximum order of accuracy? of our adaptive strategies according to the
size of the prediction stencil y. We adopt the point of view of Finite Differences [Leveque, 2002].
When considered at the finest level L

fet+At, ka)—f *(t, X kce) = fa'*(t,xzyk—can).

Thus we can apply a Taylor expansion to both sides of the equation, yielding

T AL X (—cqAx)®
S pak(
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s=0 °* s=0 :
2 2
cgAx cdAxd
— fzx,* _ CaAJCl?xfa‘* 4+ axxfa'* CaBr rfa *
N ——
Inertial term - i PO i
Diffusive term Dispersive term

The right hand side is the target expansion. Indeed, the left hand side is always the same
because the time-step At is fixed by the finest mesh.
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We want to find the maximum order of accuracy? of our adaptive strategies according to the
size of the prediction stencil y. We adopt the point of view of Finite Differences [Leveque, 2002].
When considered at the finest level L

fet+At, ka)—f *(t, X kce) = fa'*(t,xzyk—can).

Thus we can apply a Taylor expansion to both sides of the equation, yielding
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* * a x_ CaBA
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Inertial term - i PO i
Diffusive term Dispersive term

The right hand side is the target expansion. Indeed, the left hand side is always the same
because the time-step At is fixed by the finest mesh.

How to analyze our scheme? Assume, without loss of generality, that maxq [cq| <2 and y < 1.

4Bellotti, Gouarin, Graille, Massot - High accuracy analysis of adaptive multiresolution-based lattice Boltzmann schemes
via the equivalent equations. - Submitted to the SMAIJCM - 2021 - https://arxiv.org/abs/2105.13816
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Recursion flattening
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The advantage is that the pseudo-flux term can be developed using Taylor expansions
adopting a Finite Difference point of view.
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Expansion of the LBM-MR scheme

We can do the same expansion:
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The goal of this game is to match as much terms as possible of the target expansion:
approximated physics and stability conditions as close as possible to that of the reference
scheme at level L for the adaptive scheme at the local level of refinement ¢.
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Expansion of the LBM-MR scheme

We can do the same expansion:
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Diffusive term Dispersive term
The goal of this game is to match as much terms as possible of the target expansion:
approximated physics and stability conditions as close as possible to that of the reference
scheme at level L for the adaptive scheme at the local level of refinement ¢. These
conditions are checked locally: we request them for any possible level.

+2 (- Ca)s
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..of course for every a and for every AZ!!!
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Apply the expansion to some scheme

In this presentation, we consider three schemes to adapt any lattice Boltzmann method:
* The Haar scheme: LBM-MR with y =0, thus

- —a . . )
f?+1,2k+6 =fri (talis pater, qualis filitis) xpwlaraus»

thus Cgi,o =—|cql, cY =lcal.

Al,—cql|cal
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¢ The first non-trivial wavelet scheme: LBM-MR with y = 1, thus
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Apply the expansion to some scheme

In this presentation, we consider three schemes to adapt any lattice Boltzmann method:

¢ The Haar scheme: LBM-MR with y = 0, thus
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f?+1,2k+6 =fri (talis pater, qualis filitis) xpwlaraus»
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¢ The first non-trivial wavelet scheme: LBM-MR with y = 1, thus

fg+uk+5 f[ kt—— “ (]‘[ K+l = f?'k,l), (talis pater ac finitimi, qualis filius),
CM L) (o -8 0 o0 0\[Chr12
| |2 98 0o -8 of[Chri g
thus Choo [=]0 958 2 918 off Cyiy
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* The Lax-Wendroff scheme by [Fakuari eral., 2014]

« __lea? g _leal (), leal)  a __leal (;_leal
AL,0 Al TAl=callcal 2 oAl Alycqllcal 2 AL )"

This is not a multiresolution scheme: we consider it for comparison purposes.
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We can prove that:

What is the expected accuracy?

Order 0 1 (Inertial) 2 (Diffusive) 3 (Dispersive)
2 4
Condition | Y C% =0 Z mc% —-cq X m2c% - ‘a = fa
] m Am T ‘Ae,m T @ & Al,m ~ oAl A/ m- gl
E y= v v x x
2 r= v v v v
= w v v v x




What is the expected accurac

We can prove that:

Order 0 1 (Inertial) 2 (Diffusive) 3 (Dispersive) 4
é (Ut 4c0a Cé
Condition %(’ [m70 Zm( Nem = —ca %m FA/ m= W %lm (A/ = F %m CA/ym:W
"é Y=0 v v x x x
gl y= v v v v x
= w v v v x x

Original analysis exploiting the structure of the multiresolution.

High fidelity to the desired physics, beyond the existing approaches.

¢ Practically, reliability of the numerical method even in extreme situations.
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Numerical simulations to assess
the accuracy analysis




Points of emphasis

The previous analysis was valid for

¢ Smooth solutions.

e In the limit of small Ax, forevery ¢ =1,...,L.

The aim of the following numerical simulations is to assess the previous approach by
showing that it provides a useful tool to a priori study the behavior of the adaptive
scheme.
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The aim of the following numerical simulations is to assess the previous approach by
showing that it provides a useful tool to a priori study the behavior of the adaptive
scheme. We monitor the following ¢! normalized quantities at the final time T:

o E: error of the reference scheme (at L) vs. exact solution. Intrinsic and sometimes
converging for Ax — 0.
L
° Eadap
* Dadap: difference between the reference (at L) and adaptive scheme (at L). Converging

as Al — 0.

: error of the adaptive scheme (at L but reconstructed) vs. exact solution at level L.
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L
° Eadap
. Dadap: difference between the reference (at L) and adaptive scheme (at L). Converging

as Al — 0.

: error of the adaptive scheme (at L but reconstructed) vs. exact solution at level L.

By triangle inequality Eﬁ dap < Epet + Dadap and the plan is to make

Dadap < Erefs = E

L ~
adap ~ Erefs

regardless the fact that it converges or not for Ax — 0.

19/25



Points of emphasis

The previous analysis was valid for

¢ Smooth solutions.

e In the limit of small Ax, forevery ¢ =1,...,L.

The aim of the following numerical simulations is to assess the previous approach by
showing that it provides a useful tool to a priori study the behavior of the adaptive
scheme. We monitor the following ¢! normalized quantities at the final time T:

o E: error of the reference scheme (at L) vs. exact solution. Intrinsic and sometimes
converging for Ax — 0.
L
° Eadap
* Dadap: difference between the reference (at L) and adaptive scheme (at L). Converging

as Al — 0.

: error of the adaptive scheme (at L but reconstructed) vs. exact solution at level L.

By triangle inequality Eﬁ dap < Epet + Dadap and the plan is to make

Dadap < Erefs = E

L ~
adap ~ Eref,

regardless the fact that it converges or not for Ax — 0.

We are not interested in evaluating the quality of the multiresolution adaptation with respect
to the parameter e: we consider a uniform mesh at the lowest resolution L.

Is it reasonable? Yes, but no time to detail it.
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1D Linear advection equation

¢ The aim of this test case is to validate our analysis in a case where:

¢ Convergent reference scheme: Epef — 0as Ax — 0, see [DELLACHERIE, 2014], [CAETANO et al., 2019].
¢ Only inertial terms to model: we expect that all the schemes are suitable for this problem.
¢ Linear equilibria: the collision strategy does not alter the quality of the method.
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¢ Convergent reference scheme: Epef — 0as Ax — 0, see [DELLACHERIE, 2014], [CAETANO et al., 2019].
¢ Only inertial terms to model: we expect that all the schemes are suitable for this problem.
¢ Linear equilibria: the collision strategy does not alter the quality of the method.

e The target problem is

Oru+0x(Vu) =0,

u(t=0,x = ———exp (_7|x|2 )
, nvig) 72 avig )

* We consider a D1Q2 scheme with velocities cg = 1, ¢; = —1 with change of basis and
relaxation matrix given by

1 1

M =
(/’l -2

), S =diag(0, s).

With equilibrium m b4 = Vim0,
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The aim of this test case is to validate our analysis in a case where:

¢ Convergent reference scheme: Epef — 0as Ax — 0, see [DELLACHERIE, 2014], [CAETANO et al., 2019].
¢ Only inertial terms to model: we expect that all the schemes are suitable for this problem.
¢ Linear equilibria: the collision strategy does not alter the quality of the method.

The target problem is

Oru+0x(Vu) =0,

u(t=0,x = ———exp (_7|x|2 )
, nvig) 72 avig )

We consider a D1Q2 scheme with velocities ¢y = 1, ¢; = —1 with change of basis and
relaxation matrix given by

1 1

M =
(/1 -2

), S =diag(0, s).

With equilibrium m b4 = Vim0,

We fix the level distance A/, and we increase L (thus reduce Ax, going towards
convergence).
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1D Linear advection equation: Af i, =2 and s =2

We have also treated s = 1, which means linear convergence E ¢t = 0 (AX).

Convergence of the different errors.

1[](] .
107 4
]Ufz 4
1077 4
10744
B cee LW EEg
e 720 E‘,;(m) —o— LW : Dygup
7 - = Linear
10-5 ] = 7=0: Dadap g 0 dratic
ce 7=1:EL e Cubic
—— 7=1: Dygap

107° 1072 107!
Az

* ¥ =0: Dagap = O(Ax) 3 Eref = G(Ax?), thus EL dap = Eret + Dadap = O(A).

* ¥ =1: Dagap = O(Ax%) < Erep = O(Ax?), thus EL dap = Eref + Dadap = O(Ax?).

e Lax-Wendroff: Dagap = O(Ax?) ~ Eger = O(Ax?), thus l:(’l‘d“p < Eref + Dadap = O(A%?).
—_— T 12




1D Linear advection diffusion equation

* The aim of this test case is to validate our analysis in a case where:
* Not convergent reference scheme as Ax — 0, but a richer structure.
¢ Both inertial and diffusive terms: not all the schemes are suitable.
* Linear equilibria: the collision strategy does not alter the quality of the method.
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e Target problem:

Oru+0x(Vu)—vOoyxxu=0,
_ _ 1 _ |x]2
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* We consider a D1Q3 scheme with velocities cp = 0,¢; = 1 and ¢ = —1 with change of
basis and relaxation matrix given by

1 1 1
M=|0 A -1 1, S =diag(0, sy, Sw)-
0 A%Z/2 2212

With equilibria and relaxation parameters:
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sp= 12+ AvI(Axx -V, s =1
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* The aim of this test case is to validate our analysis in a case where:
* Not convergent reference scheme as Ax — 0, but a richer structure.
¢ Both inertial and diffusive terms: not all the schemes are suitable.
* Linear equilibria: the collision strategy does not alter the quality of the method.

e Target problem:

Oru+0x(Vu)—vOoyxxu=0,
_ _ 1 _ |x]2
u(t_o’x)_ (4]‘[V[0]U2 exp( 4Vt0)’

* We consider a D1Q3 scheme with velocities ¢y = 0,¢; = 1 and ¢ = —1 with change of
basis and relaxation matrix given by

1 1 1
M=|0 A -1, S =diag(0, sy, Sw)-
0 A%/12 222

With equilibria and relaxation parameters:
mb=vm®,  m>=xm°

sp= 12+ AvI(Axx -V, s =1

 We fix the maximal level L and we decrease the minimum level L (we increase A¢ppjip).
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1D Linear advection diffusion equatio

Solution u(T) at the final time for different A¢ ;.

Haar wavelet 7 = 0 y=1 Lax-Wendroff
2.5
— Fxact
o Alyiy =4
o Alpip =5 n
oAby =6
20 . A/min =7 9

0 2 0 1 2 0 2
xT x x
* v =0: Wrong diffusion. e Lax-Wendroff: Spurious dispersive
* y=1: Very good agreement. effects (third order).
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Conclusions

What has been done (theoretically)
* Analysis based on the equivalent equations [Dusors, 2008] for the LBM-MR schemes.

* Find the maximal order of compliance of the adaptive scheme with the desired
physics, depending on the prediction stencil y.
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* Find the maximal order of compliance of the adaptive scheme with the desired
physics, depending on the prediction stencil y.

Conclusions

¢ Good agreement between the empirical behavior and the asymptotic analysis.

Otu+ V-(p(w) — V-(DVu) =H.O.Ts.
—_——— — N——

Y=0 r=1 r=1
r=1 Lax-Wendroff
Lax-Wendroff

The Lax-Wendroff scheme [FakHARI et al., 2014]: minimal setting to use most of the LBM
schemes. Unpredictable dispersive behaviors: threat to the stability.

The Haar scheme y = 0 is almost unusable: it modifies the diffusive terms.

The LBM-MR scheme for y = 1: most reliable of the analyzed schemes, both in terms of
consistency and stability.

e If the solution is singular: adaptive mesh adaptation needed! (not really stressed here)
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General conclusions

* Devised a hybrid method to solve PDEs on time-evolving adapting meshes:

Lattice Boltzmann methods @ Multiresolution

5 Bellotti, Gouarin, Graille, Massot - Does the multiresolution lattice Boltzmann method allow to deal with waves passing
through mesh jumps? - Submitted to Comptes Rendus Mathématique - 2021 - https: //arxiv.org/abs/2105.12609
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General conclusions

* Devised a hybrid method to solve PDEs on time-evolving adapting meshes:
Lattice Boltzmann methods @ Multiresolution

It ensures

Time dynamic mesh adaptation.
Memory compression with shocks and fronts.

Reduced computational cost.

Totally problem and scheme independent.

Error control by a threshold 0 <e < 1.

High (3rd) order accuracy w.r.t. the reference scheme: good approximation of the desired
physics.

Realiability against mesh jumps®. Not presented here.

A NN

~
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General conclusions

* Devised a hybrid method to solve PDEs on time-evolving adapting meshes:
Lattice Boltzmann methods & Multiresolution

It ensures

Time dynamic mesh adaptation.
Memory compression with shocks and fronts.

Reduced computational cost.

Totally problem and scheme independent.

Error control by a threshold 0 <e < 1.

High (3rd) order accuracy w.r.t. the reference scheme: good approximation of the desired
physics.

Realiability against mesh jumps®. Not presented here.

A NN

~

¢ Devised an analysis based on the equivalent equations [Dusors, 2008] for the LBM-MR
schemes. Confirming:
* Very good agreement between the empirical behavior and the asymptotic analysis.
¢ That the LBM-MR scheme for y = 1: most reliable of the analyzed schemes.

5 Bellotti, Gouarin, Graille, Massot - Does the multiresolution lattice Boltzmann method allow to deal with waves passing
through mesh jumps? - Submitted to Comptes Rendus Mathématique - 2021 - https: //arxiv.org/abs/2105.12609
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Thank you for your attention!
Looking forward to receiving your questions!
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Additional and backup material! Not a part of the presentation.
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Points of emphasis

Remark

We are not interested in evaluating the quality of the multiresolution adaptation with respect
to the parameter e: we consider a uniform mesh at the lowest resolution L.

Is it reasonable?
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Remark

We are not interested in evaluating the quality of the multiresolution adaptation with respect
to the parameter e: we consider a uniform mesh at the lowest resolution L.

Is it reasonable?
¢ Local regularity:
* Smooth: mesh is locally coarsened. Question: are we still good?
e Singular: mesh is locally at the finest level. No problem.
¢ Every mesh is locally uniform and the previous analysis holds uniformly in
lell,... L.
* Worst case scenario to undoubtedly prove the resilience of our numerical strategy.
Similar scenarios can happen

¢ when the mesh is updated using some stiff variable [FakHari et al., 2016] and [N’GUESSAN et al.,
2019] but we still want to achieve a good accuracy in the coarsely meshed areas for the
non-stiff variables.

* afixed adapted mesh is used: [FiLippova AND HANEL, 1998] and many others.
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Mesh adaptation: when is it needed?

Burgers equation: large diffusion.

Haar wavelet 7 = 0 vy=1 Lax-Wendroff
10 . A‘/lnul =4

. A/mm =5

. A‘/lnln =6
0.84 o Abyin =7 1 1

0.6

0.4 1

0.2 1

0.0 1

|
53
o
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Burgers equation: large diffusion.

Multiresolution with € = 0.0001 and z = 1.

0
1.0 1 L
— = 21
8» D,g_
< 054 S —_—
505 45_
6 — -—
0.0- T T 7 T T
-2 -1 0 -2 -1 1 2
x
1.0 04
14
— =2
2 0.5 3
- =
5 ;((4- me—
s < 5 N —
0.0 - 6 o - ——— -
7 e o oo
-2 —1 0 -2 -1 1 2

Mesh adaptation: when is it needed?
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Mesh adaptation: when is it needed?

Burgers equation: small diffusion.

Haar wavelet v =0 vy=1 Lax-Wendroff
L4 R 1 : 1
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Burgers equation: small diffusion.

Multiresolution with € = 0.0001 and z = 1.
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