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Introduction

Wave equation : D'Alembert (1746), Euler (1756)
022(x,t) — Az(z,t) = f(x,1)

Models propagation of waves (water, sound, seismic or light etc)

Wifi waves Sound and water waves
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. . Main result
Event-based control of the wave equation

Stra ove the main result

Known results with internal feedback

Consider the wave equation in an open bounded domain Q of RY :

07 z(z,t) — Az(z,t) = f(x,t) ¥V (x,t) € Q x (0,00),
1 z(z,t) =0 Y (z,t) € 99 x (0, 00),
(1) z(z,0) = zo(x) v (z,t) € Q,

0rz(x,0) = z1(x) Ve

1
Energy: E(t) = 5 (|10:2(1)l|Z20) + V(1)

12)

In [Chen(79’),Lions(88")] taking [f(x,t) = —oz@tz(x,t)) with a > 0, and for
every (20,21) € H}(Q) x L*(Q)

~ 3z e CORT; Hy(Q)) N C*RT; L*(Q)) solution to (1)
~~ Exponential stability : 3C' > 0,8 > 0, E(t) < CE(0)e°".
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Event-based control of the wave equation
the main result

Control objective

We are interested in the implementation of the feedback law
[f(.r, t) = —a@tz(x,tk.)] on digital platforms. A choice is the periodic
control but one can design a triggering strategy, which determines the

time instants when the control needs to be updated: it is the
Event-Triggering Mechanism (ETM)

Control objective

Can we construct a ETM and maintain both stability and the
well-posedness of the corresponding closed-loop system?

Crursings
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Main result

Event-based control of the wave equation
Strategy to prove the main result

The proposed Event-triggering mechanism

Let us define the triggering law by
f() = O,

ty+1 = inf {L >t such that || O¢z(z,t) — Orz(x, tr) Hiz(m > QW’E(L)}

ek (t)
where v > 0 is a design parameter.

Consequence

Vt € [tr, terr), 10s2(2,t) — Opz(z, ti)ll 2y 27E(?).-

v

The closed-loop system can then be described as follows:
(2)

02z(x,t) — Az(z,t) = —adiz(z,t), in QX [tr,tpr1),k €N
z(z,t) =0, on 90 x RT,
Z(,O) :ZOaatZ('aO) = 21, in €2

\
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Main result

Event-based control of the wave equation -
Strategy to prove the main result

Main result

Definition (Maximal time 7" of solution)

T = +o0 if (tx) is a finite sequence,
T =limsupt, if not.
k— o0

Theorem (Exponential stability and avoidance of Zeno phenomenon)

Q V(z0,21) € HX(Q) N HF(Q) x HH(Q),
there exists a unique solution to the closed-loop system under
the designed ETM such that

2 € C°([0,T); H*(2) N Hy () N C*([0,T); Hy (2))
and the Zeno behavior does not occur.

@ Under some matrix inequality condition, the closed-loop system
(system (1) with f(z,t) = —adiz(x,tx)) is exponentially stable
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Main result

Event-| ntrol of the wave equation q
ent-based control o d Strategy to prove the main result

Strategy to prove the well-posedness

Well-posedness [Baudouin,Marx, Tarbouriech(2019)]

@ ~ Based on Induction on every sample interval [ty, tg+1],

@ ~~ and well-posedness of the damped wave equation

Avoidance of Zeno behavior

Orz(x,t)—0z(x,t 2
o Consider Vt € [tg,tri1],¢(t) = [10¢2 () 2'yEEt) 32
o Prove that ¢(t) < A+ g(t) and E(0)e~2Ct < E(t) < E(0)e2C?

e Then Vk € N, integrating on [tk, tx+1] knowing that ¢(tx) = 0 and

p(txe1) =1 we obtain: 1 < |A + Be'” 41 — ti) showing there
+ VE(0)

is no accumulation points due to the update. O
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Main result

Event-| ntrol of the wave equation q
ent-based control o d Strategy to prove the main result

Strategy to prove the exponential stability

Let us consider the following Lyapunov function:

V(t) = E(t) + sz(t)H?;(Q) + E/Q z(x,t)0rz(x, t)dx

© Step 1: Equivalence of the energy and V()

E(t) <V(t) < (14eCq +eaCf) E(t)
@ Step 2: Find the conditions on which for a desired decay rate &

V(t) + 26V (t) <0

This will imply the desired result : E(t) < CE(0)e™2%
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Main result

Event-| ntrol of the wave equation q
ent-based control of the d Strategy to prove the main result

Matrix inequality’s condition to estimate V' (t) + 26V (t)

o V() +20V(t) = oo (z,t)Mitp(z, t)dz

z agd de & 0

. | 02 | *x e—a+d 3 0

with ¢ = er and M; = « " 0 0
Vz * * * O0—¢

e Poincaré’s inequality:
Jo lz®)Pdz < C§ [ V() dz <> / T (x, ) Matp(z, t)dz > 0 with
M, = diag(—1,0,C3,0) ’

o ETM:|lex(t)l|72(q) < 2VE(t) < / ¢ " Mapdz > 0 with
M3 = diag(0,7,7,—1) !
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Main result
Strategy to prove the main result

Matrix inequality’s condition to estimate V' (t) 4 20V (t)

Event-based control of the wave equation

As a consequence
V(t) + 26V (t) /wTledx

is subject to [, ¢ (£)Matp(t) > 0 and [, 9" () Maep(t) >

S-procedure ensures the existence Feasibility of G < 0
of 0
2
A1 > 0 and Ay > 0 such that G = * P22 & 0
* * — A2 0
/ ’QZJT(M1 + A1 Ms + AQMg)’(/JdLL’ <0 * * * Pas
Q With¢22=€—0¢+(5+'7;

G

¢44 25—64—/\10(214"_}/
(Use Shur complement and Elimination
lemma) O
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Event-based control of the wave equation chain result
qua Strategy to prove the main result

Numerical Simulation 1D: 97z — 0%z = —ad;2(1)
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A =01, =1,v=00208=0.25and e = 0.8 with a = 1.
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Event-| ntrol of the wave equation -~ q
ent-based control o qua Strategy to prove the main result

Numerical Simulation 1D: 82z — 9%z = —a0,z(t},)
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Event-based control of the wave equation chain result
qua Strategy to prove the main result

Evolution of the energy and the control
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Conclusion and Thesis Project

Conclusion and Future works

We present a matrix inequality approach for the exponential
stabilization of the damped linear wave equation under an
event-triggering mechanism.

Future works

| A

©@ What about the localized damping coefficient a?
@ What about the case of the boundary control 7

@ It would be relevant to study other classes of PDEs like the
Schrédinger equation

Thank you for your attention!

fkoudohode®@Ilaas.fr
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