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INTRODUCTION
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We want to approximate an unknown function u € L?(D), with D C R? a compact domain, 051§ ﬂ :
by some u € V,,, with V,, C L?(D) a fixed space of dimension n, based on evaluations of u at m | J
chosen points x!, ..., x™ € D, with m of the order of n. A ‘L [

Define i1 = Pp2u € V,,, it reaches the optimum ||u — @/ 72 = min lu — vl 12 sl J

veVay D /]

Goal: Given D and V,, C L?(D), choose m random points z', ..., 2™ € D such that for any A
u € L*(D), the approximation u € V,, satisfies

Sllu = @3 (p) < Cllu — all
- L2(D) = L2(D)
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WEIGHTED LEAST-SQUARES CONCENTRATION INEQUALITIES
U Define the discrete /* semi-norm Lemma: If E(|jv||s) = |[v||5. for v € L*(D) and ||v]|7. < CJv|z for
| m v €V, then
. . n ~12 12
ol == — N w(a)v(zh)? “(lu = ullz2) < (1 +C)llu — al|72
i=1 = Draw i.i.d points (2*) according to do(z) = ydx
Weighted least-squares approximation = Minimise |a;|* = wg) > i1 |ps(x")|? by taking
- . - 1 l — .
U = argmin||u — v||2 = Pyu = chgbk, — Ep(x) == > i (z)]?
veVn k=1 w(z) n; :
Vi o where (¢1,. .., ¢n) is an orthonormal basis  Theorem (Ahlswede and Winter 2002, Tropp 2012):
U U of V,, and c is the solution to Ge¢ = B with
P(|G —I|| > 1/2) < 2ne Ton
o e R e w(z') Corollary: If m > 10nlog(2n/e), then 21 < G < $I with probability at
B] — <¢j>u>x and G],k — <¢ja¢k>x — ;aza’i7 a; = (\/ - ¢] (:E )) | least 1 — ¢
N " Theorem (Cohen and Migliorati, 2017): If m > 10n log(2n/e), then
Forany v = >_7_, cixdr, we have ||v]|7: = c*cand ||v]|2 = ¢*Gc L(||w — ul|72) < 3 |lu—ul|7. + Oe)

CHRISTOFFEL FUNCTION SAMPLE REDUCTION

Theorem (Marcus, Spielman and Srivastava, 2015): Let » > 2 and
| i, ..., am, € C"such that |a;]? < dand " | a;af = 1.

3

N Then there exists a partition S; U --- U S, of {1,...,m} such that

) — Y/ n

"\x.,w"' = waﬂ/]ﬁ b (z) = o (x)]? (1+rd)? |
! '\""\ /\Qﬂﬂ"mw " L h@)P 7

‘ ‘I‘M“(‘(/‘\«‘}(O‘“‘ ~ vev, 0] Theorem (Cohen and Dolbeault, 2021): There exists a random sampling
| V‘\“"“ J"&%A@L )Q'Q!‘)“‘“ - S ={z',..., 2™} with m < Cn and a linear reconstruction (u(z*)) — u

[}F° QY such that
3 0.2 0.4 0.6 0.8 1.0 L|u — /?IHQLQ < C/Hu - /L_LH%Q

Drawbacks:
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e exponential complexity for constructing the sample
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