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We work on the stochastic Zakharov system with a damping term :

(SZ ε)

{
i∂tu = −∂2

xu + nu
ε2d(∂tn)+αε∂tn = ∂2

x (n + |u|2)dt+φdWt
(1)

with initial data u0, n0, n1. Wt is a cylindrical Wiener process : let
(ek)k∈N be an Hilbertian basis, then we define W as

W (ω, t, x) =
∑
k∈N

ek(x)βk(ω, t).

For the Zakharov system, mass and energy are preserved :

N = ‖u‖2L2 , H = ‖∂xu‖2L2 +
1
2

(
‖n‖2L2 +

∥∥ε∂−1
x ∂tn

∥∥2
L2

)
+

∫
R
n|u|2dx .



Theorem
Let α > 0. For initial data u0 ∈ H3, n0 ∈ H2 ∩ Ḣ−1 and n1 ∈ H1 ∩ Ḣ−1,
there exists almost surely a solution (u, n) ∈ L∞(R+,H3 × H2) for the
system (SZ ε).

idea of the proof
We write n = m + Z ε where Z ε satisfies :

ε2d(∂tZ
ε) + αε∂tZ

ε = ∂2
xZ

εdt + φdWt (2)

(u, n) is solution of (SZ ε) if and only if (u,m) is solution of i∂tu = ∂2
xu + (m + Z ε)u

ε2∂2
t m + αε∂tm = ∂2

x (m + |u|2)
(3)



Limit ε→ 0
We need to rescale the system (good scaling : Z ε = 1√

ε
z( tε )) :

(SZ̃ ε)


i∂tu = ∂2

xu +mu + 1√
ε
z( tε )u

ε2∂2
t m + αε∂tm = ∂2

x (m + |u|2)
(4)

where z satisfies d(∂tzt) + α∂tz = ∂2
x ztdt + φdWt .

Benefits:
• The process z does not depend on ε, and is stationnary.
• we control the growth of z( tε ) : for every δ > 0 there exists a

stopping time τεδ such that for t < τεδ :
∥∥z( tε )∥∥E 6 ε−δ.

Here there is not conservation of the energy :

∂tH(u,m) = −
∫
R
Z ε∂t |u|2dx − αε

∥∥∂−1
x ∂tm

∥∥
L2 . (5)



(SZ ε)

{
i∂tu = −∂2

xu + nu
ε2d(∂tn) + αε∂tn = ∂2

x (n + |u|2)dt + φdWt

(SZ̃ ε)

{
i∂tu = ∂2

xu +mu + 1√
ε
z( tε )u

ε2∂2
t m + αε∂tm = ∂2

x (m + |u|2)

where z is solution of d(∂tzt) + α∂tz = ∂2
x ztdt + φdWt .

Theorem
For any T > 0, and for (u0,m0,m1) ∈ H3 × (H2 ∩ Ḣ−1)× (H1 ∩ Ḣ−1),
the process uε solution of the system (SZ̃ ε) with (z , ζ) ∈ (H3 ∩ Ḣ−3)2

converges in law in C ([0,T ],Hs
loc) for s < 1 to u solution of

idu = (−∂2
xu − |u|2u −

i

2
uF )dt − u(∂2

x )
−1φdWt , (6)

where F (x) =
∑

k∈N
(
(∂2

x )
−1φek(x)

)2
.



Transition semigroup and infinitesimal generator

Definition
Let Xt be a continuous random variable.We call transition semigroup of
Xt the operator Pt such that for all continuous function f :

Pt f (x) = EX0=x [f (Xt)].

We call infinitesimal generator of Xt the operator defined by

L f (x) = lim
t→0

Pt f (x)− f (x)

t
.

Example
For a SDE : dXt = a(Xt)dt + σ(Xt)dBt the infinitesimal generator is

Lϕ(x) = a(x)ϕ′(x) +
1
2
σ2(x)ϕ”(x).



Perturbed Test Function method
Let xε solution of :

∂tx
ε + λxε =

1√
ε
xεz

( t
ε

)
. (7)

We define zε(t) = z( tε ). We denote by M the infinitesimal generator of
z , and L ε the infinitesimal generator of (xε, zε). Let ϕ(x) = 1

2 |x |
2.

Then
L εϕ(xε) =

1
ε
Mϕ(xε)− λ|xε|2 + 1√

ε
|xε|2z

( t
ε

)
.

We add a corrector
√
εϕ1 :

L ε(ϕ+
√
εϕ1)(x

ε, zε) =− λ|xε|2 + 1√
ε

(
|xε|2z

( t
ε

)
+ Mϕ1(x

ε, zε)
)

+ Dxϕ1(x
εzε) +

√
εDxϕ1(−λ|xε|2).



Thus we choose : ϕ1(x , v) = −|x |2M−1v . We get

L ε(ϕ+
√
εϕ1)(x

ε, zε) = −λ|xε|2 − 2|xε|2zεM−1zε + λ
√
ε|xε|2M−1zε.

We need a second corrector εϕ2, satisfying

Mϕ2(x
ε, zε) = 2|xε|2

(
zεM−1zε − Eν

[
zM−1z

])
.

Defining ϕε(x , v) = ϕ(x) +
√
εϕ1(x , v) + εϕ2(x , v) we get

L εϕε(xε, zε) =− λ|xε|2 − 2|xε|2Eν
[
zM−1z

]
+
√
ε
(
λ|xε|2M−1zε + Dxϕ2(x

εzε)
)

+ εDxϕ2(−λ|xε|2).



Energy estimate

Energy : H = ‖∂xu‖2L2 + 1
2

(
‖m‖2L2 +

∥∥ε∂−1
x ∂tm

∥∥2
L2

)
+

∫
R
m|u|2dx ,

We define K = 1
2 ‖∂xu‖

2
L2 + 1

4 ‖m‖
2
L2 + 1

2

∥∥ε∂−1
x ∂tm

∥∥2
L2 .

Proposition
Let the initial conditions (u0,m0,m1, z0, ζ0) be in
H3 × H2 × (H1 ∩ Ḣ−1)× (H3 ∩ Ḣ−2)2, and φ ∈ L2(H

3 ∩ Ḣ−3).Then
there exists a constant C (T ) > 0 which is independent of ε and a
stopping time τε such that the solution (u,m) of the system (4) satisfies

E[ sup
t6τε

(K (t))2] 6 C (T ).

• apply the Perturbed Test Function method to H,
• get a bound on L ε(H +

√
εH1 + εH2),

• conclude with martingale inequalities.



Convergence in the martingale problem
We define the function ϕ : u 7→ (u, h)` for h ∈ H1 a fixed function with
compact support, and ` = 1, 2. As in the previous sections, we compute
the generator L εϕ and then correct it with two correctors.We get that

ϕε(uε(t))− ϕε(u0)−
∫ t

0
L εϕε(uε(s))ds

is a martingale. Then we pass to the limit to show that

ϕ(ut)− ϕ(u0)−
∫ t

0
Lϕ(us)ds

is a martingale. Finally, we identify the limit generator Lϕ and "read"
the equaton satisfied by u.



The limit process u is a martingale solution of

ϕ(ũt)− ϕ(u0)−
∫ t

0
Duϕ

(
i∂2

x ũs + i |ũs |2ũs −
1
2
ũsF

)
ds =

∫ t

0
i ũs(∂

2
x )
−1φdWs .
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Thank you for your attention.



Improvement of the convergence

Proposition
The process uε converges in probability to the process u solution of

idu = (−∂2
xu − |u|2u −

i

2
uF )dt − u(∂2

x )
−1φdWt , (8)

where F (x) =
∑

k∈N
(
(∂2

x )
−1φek(x)

)
and Wt is the Wiener process

introduced in (SZ ε).
We know that for ϕ(u) = (u, h)

ϕε(uεt )−ϕε(u0)−
∫ t

0
L εϕε(uεs )ds =

∫ t

0

(
iuε(∂2

x )
−1φdWs , h

)
+G (ε) (9)

with G (ε)→ 0.


