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We work on the stochastic Zakharov system with a damping term :

. iOru = —02u + nu
(52°) { £2d(0en)+aeden = 02(n + |u|?)dt+odW, (1)

with initial data wug, ng, n1. W; is a cylindrical Wiener process : let
(ex)ken be an Hilbertian basis, then we define W as

W(w, t,x) = er(x)Br(w, t).

keN

For the Zakharov system, mass and energy are preserved :

2 2 1 2 _ 2
N =|ull}, H = 0cull= + = (IInllz2 + [0 0en|[ L2 ) + [ nluf?dx.
2 R



Theorem

Let o > 0. For initial data ug € H3, no € H2NHt and n; € H* N HL,
there exists almost surely a solution (u, n) € L>(R*, H3 x H?) for the
system (SZ¢).

idea of the proof
We write n = m + Z° where Z¢ satisfies :

£2d(0,Z2°) + aed: Z° = 02 Z°dt + pdW,; (2)
(u, n) is solution of (5Z¢) if and only if (u, m) is solution of
iOru = 0%u+ (m+ Z%)u

£20?2m + agdym = 02(m + |uf?)



Limit e — 0
We need to rescale the system (good scaling : Z¢ = \%z(g)) :

iOru = 0%u + mu + ﬁz(é)u
(52°) (4)
£20?2m + acdym = 02(m + |uf?)

where z satisfies d(0:z;) + a0,z = 0z, dt + pdW,.
Benefits:
® The process z does not depend on ¢, and is stationnary.

e we control the growth of z(L) : for every § > 0 there exists a
g : y
stopping time 7§ such that for t < 7§ : ||z(%)||; <e7°.

Here there is not conservation of the energy :

OrH(u, m) = —/Zsat|u|2dx—aaH@X_lathLz. (5)
R



(52°) iOru = 78§u+nu
£2d(0¢n) + aeden = 92(n + |u|?)dt + pdW,

i0pu = O2u+ mu+ S=z()u

25
(529 { e20?m + agdym = 8§m + |ul?)

where z is solution of d(9;z;) + ad;z = 02z, dt + pdW,.

Theorem _ _
For any T >0, and for (uo, mo, my) € H® x (H*NH™') x (H*NH™),
the process u® solution of the system (SZ¢) with (z,¢) € (H3 N H™3)?

converges in law in C([0, T], H}.) for s < 1 to u solution of

idu = (—02u — |ufPu — éuF)dt — u(B2) " pdW,, (6)

where F(x) = ¥ ey ((92) 2gex(x))”.



Transition semigroup and infinitesimal generator
Definition
Let X; be a continuous random variable.We call transition semigroup of
X; the operator P; such that for all continuous function f :
Pif(x) = Exy=x[f (Xt)].

We call infinitesimal generator of X; the operator defined by

L P:f(x) — f(x)
LFO) = fim ————

Example
For a SDE : dX; = a(X;)dt + o(X;)dB; the infinitesimal generator is

Zo(x) = a9/ (x) + 307" ().



Perturbed Test Function method
Let x€ solution of :

Oex® + Ax® = %st (g) . (M)

We define z°(t) = z(£). We denote by .# the infinitesimal generator of
z, and .Z* the infinitesimal generator of (x°, z°). Let ¢(x) = 1|x2.
Then ) ) ;
€ €y — — €\ _ €2 Ty E12 -
Loplx) = S Mo0) = AP+ Pz ().

We add a corrector /z¢p; :
1 t
L+ Vepr)(x7,2°) = = AXP + NG (|XE|22 (g) T '///‘pl(XE»ZE))

+ D1 (x°2°) + \@Dx<p1(f)\|xs|2).



Thus we choose : ¢1(x,v) = —|x|2.# ~1v. We get
Lo+ Vep1) (X5, 2°) = =X 2 = 2| P25l 12 + MNelxFPod 2 .
We need a second corrector es, satisfying
Mpr(x°,2°) = 2|x°)? (M1 2° —E, [z.072]).
Defining ¢°(x, v) = @(x) + Vep1(x, v) + epa(x, v) we get
Lo (x5, 2°) = — A|x°]2 — 2|x°|E, [z///flz}
+ Ve (AXPtt 7125 + Dopo(x°2°))
+ eDypa(—Ax°|?).



Energy estimate

2
Energy : H = [0culZ + 3 (IlmlZa + |0 "oum 2. ) + / mlul2x,
R
. 2
We define K = L [|0cul7> + 1 [m|7x + L ||e07*0:m][ ..

Proposition

Let the initial conditions (ug, mg, m1, 2o, (o) be in

H3 x H? x (H' N H Y x (H3 N H72)2, and ¢ € % (H3 N H™3).Then
there exists a constant C(T) > 0 which is independent of ¢ and a
stopping time 7 such that the solution (u, m) of the system (4) satisfies

E[sup (K(1))*] < C(T).

t<Te

® apply the Perturbed Test Function method to H,
® get a bound on Z¢(H + \/eH; + eHa),
® conclude with martingale inequalities.



Convergence in the martingale problem

We define the function ¢ : u+ (u, h)¢ for h € H' a fixed function with
compact support, and £ = 1,2. As in the previous sections, we compute
the generator £ °¢ and then correct it with two correctors.We get that

PO )~ [ 27 ()
is a martingale. Then we pass to the limit to show that

ou) o)~ [ ' Lolus)ds

is a martingale. Finally, we identify the limit generator £y and "read"
the equaton satisfied by wu.



The limit process u is a martingale solution of
t 1 t
o(idir) — p(uo) —/ Dy (iafﬁs + i) ds|? s — 2&;) ds = / itis(02) L pdW.
0 0
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Stochastic Zakharov system —— Stochastic Nonlinear Schrédinger equation



Thank you for your attention.

«Or «Fr <

nae




Improvement of the convergence

Proposition
The process u® converges in probability to the process u solution of

idu = (—02u — |ufPu — éuF)dt — u(B2) AW, (8)
where F(x) =3, oy ((82)"ex(x)) and W, is the Wiener process

introduced in (5Z¢).
We know that for ¢(u) = (u, h)

0 (uS) —p°(up) /.,%E (uf) —/t (iu®(02) ' odWs, h)+G(e) (9)

with G(g) = 0



