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The fast diffusion equation

(Blanchet, Bonforte, JD, Grillo, Vézquez)

(Bonforte, JD, Nazaret, Simonov)
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The fast diffusion equation

Consider the fast diffusion equation in R%, d>1, m <1
ou ,
a—? =Au™,  up—g=ug20 (FDE)

With p = 2m I u=f2r

d d
_ — m 1
p [Rdudx 0, dtf dr=(p+1)? f |Vf| dx

N—— N———
=1 157, = FI541

Gagliardo-Nirenberg-Sobolev inequalities

I9£15 11,57 2 Cans(p) 1/, (GNS)

t — +oo0 asymptotics: u(t,x) ~ B(t,z) =t gt~ z)2P
B Barenblatt self-similar solutions, p=2-d(1-m)>1
g(z) = (1+[z[?) " Aubin-Talenti type function
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Self-similar variables, entropy-entropy production
inequality

In self-similar variables (FDE) becomes a Fokker-Planck type equation

01} m—
a*‘V'(U(VU 1—230)):0 (1)

with (GNS) <= Z[v] >4 F[v] and LF[v]=-Z[v]

Generalized entropy (free energy) and Fisher information

Flv] = fRd (B™ ' (v-B) - “m‘Bm) dz, I[v]:= fRd v|vo™ T+ 2x|2 dx

m

1
where B(x) =g (x) = (1 +|z|*) ™" (with appropriate normalizations)
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Linearized entropy-entropy production inequality

(BBDGV)... Linearization: Let v. = B(1+eB'™™ f)
T[v:] > 4 Flve]

—— —
~e? [pa [VFI? Bda ~e? [pa |fI2 B2 dx
ardv_TPoi PSR 2-m _ _B
Hardy—Poincaré inequality: with B = e

A fR 2B M dr < fR VfPBdr V feH'(Bdr), fRdeQ’mdx -0
Q@ asymptotic decay rates = rates of the linearized FDE equation
0=0v+V- (vv(vm_l —Bm_l))
~e B (0f - (1-m) B"2v - (BVf))

@ same rate in the nonlinear regime (Bakry-Emery)
@ much more (BDNS): stability results... but the difficulty lies in the
justification of the Taylor expansion
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The subcritical Keller-Segel model

M = [p2nodx < 8m: global existence (W. Jéger, S. Luckhaus 1992),
(JD, B. Perthame 2004)

If u solves

ou

= -v- [u (V (logu) - V'U)]

the free energy

F[u]::f ulogudm—ff uvdx
R?

satisfies

%F[u(t )] = fR2 u|V (logu) — Vv|2 dx

The logarithmic HLS inequality (E. Carlen, M. Loss 1992)
F' is bounded from below if and only if M < 87
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Time-dependent rescaling

1 T
RQ(t) (R(t),T(t)) and v(z,t) = C(R(t) T(t))
with R(t) =+v1+2t and 7(t) = log R(t)

an

u(x,t) =

EzAn—V-(n(Vc—x}) rzeR?,t>0

c=—-—1log|-|*n reR? t>0
2

n(,t=0)=no20 x e R?

(A. Blanchet, JD, B. Perthame 2006)
The convergence in self-similar variables

tlim (- +1) = Neo L1 (rey =0 and tlim [Ve(, - +t) = Veo|r2(ray = 0
means intermediate asymptotics in original variables:
[z, t) = 7y mee (750 7(8) |22y N O
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The stationary solution in self-similar variables

2
ec‘”_lxl /2

Coo = ——log || * Neo

n = —_— = —AC
=" s ee=lPR dg o o

8 rC'I-)
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Linearization

We can introduce two functions f and g such that
N=Ne (1+f) and c=co(l+g)=(-A)"'n
and rewrite the Keller-Segel model as

%:L‘f+iV(fnxV(Coog))

where the linearized operator is

Lf= 0 (n9(f - e 9)

[

and
~A(Coo g) =Noo f
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Spectrum of £ (lowest eigenvalues only)

[, egorolico of £

S ls
2

Figure: The lowest eigenvalues of —£ = (-A) ™' (n f)
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Functional setting...

Lemma (A. Blanchet, JD, B. Perthame)

Sub-critical HLS inequality (A. Blanchet, JD, B. Perthame)

F[n]::[R nlog( )dx——/ (n=Neo) (= Coo)dx >0

achieves its minimum for n = N

1
Q[f]= hmg— [Neo(1+ef)] >0
if fR2 fne dr =0. Notice that fy generates the kernel of Qq

Lemma (J. Campos, JD)

Poincaré type inequality. For any f € H'(R?,no dx) such that
[ Moo dzz = 0, we have
L [V (~A) " (f 1oo)|? oo dz = /RQ V(g Coo)|? Now dz < /]1{2 |fI? Moo dz
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and eigenvalues

With g such that —A(g¢e) = f e, Q1 determines a scalar product

(f1, f2) = /RQflfQHoodﬂﬂ—fRQflnoo (92 Coo) dx

on the orthogonal space to fy in L?(ne d)

. 1 1
Qo[ /] ::[ V(f = gCe)f neodz with g=-— ——log|- |+ (fne)
R2 Coo 2T
is a positive quadratic form, whose polar operator is the self-adjoint
operator L

([LLf)=Qalf] VY feD(L)

Lemma (J. Campos, JD)

L has pure discrete spectrum and its lowest eigenvalue is 1
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A simple Cucker-Smale mean-field model

(Xingyu Li)
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A simple version of the Cucker-Smale model

(J. Tugaut, 2014), (A. Barbaro, J. Caiizo, J.A. Carrillo, and
P. Degond, 2016), (X. Li)
A model for bird flocking (simplified version)

=DAf+ Vo (Voo (v) f —uy f)

where uy = [ v f dv is the average velocity and ¢(v) = 1 [v]* - £ [v]?

- - ammmmama=
[

1O bummmmmmammmE——————

ey =
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Relative entropy and related quantities

2 LF(t)] = - T[]

Q  Relative entropy with respect to a stationary solution fy

D/ flog( )dv—f|uf ul?

@ Relative Fisher information
\Y
D—f+av|v|2+(1—a)v—uf

()= |, ;

@  Non-equilibrium Gibbs state

2

fdv

o (B lo-usPe Gl =5 ol?)
Gy(v) =
e B (Bl Pr Gl =g 0R) g
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Stability and coercivity

(X. Li)
2 2 2., |2
Quulgl =lim 5 Flfu(1+29)] = D [ g fudv=D?Iv,|
where vy i= & [pav g fudv
a1 2 2
Qualg) = lim 5 Z[fu (L429)] = D [ [Vg=v,f fudo
Stability: Q1. >0 ¢

Coercivity: Qo > AQ1,u for some A>0 7

Qaale] 2 o (1- (D)) Y22, 1g]

[vgl? uf?

k(D) <1 and as a special case, if u=u[f], then

Q2,ul9]2Cp (1-K(D)) Q1,uly]
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An exponential rate of convergence for partially
symmetric solutions in the polarized case

Proposition (X. Li)

Let >0, D >0 and consider a solution f e C° (]R+, Ll(Rd)) with
ingtial datum fi, € LL(R?) such that F[fin] < F[fo] and

uy, = (4,0...0) for some uw#0. We further assume that
fin(v1,v2,...0;-1,9,...) = fin(v1,v2,...0i-1, = V;,...) for any i =2,
3,...d. Then

0< F[f(t,)] - F[fa]<Ce* V>0

holds with A =Cp (1- k(D)) >0
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Hypocoercivity methods
an overview

@ (JD, Mouhot, Schmeiser, 2015)

@ (Bouin, JD, Mischler, Mouhot, Schmeiser, 2020) Hypocoercivity
without confinement

@ (Arnold, JD, Schmeiser, Wohrer) Sharpening of decay rates in
Fourier based hypocoercivity methods
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Hypocoercivity methods

Hl-hypocoercivity: an example

o
8{+Tf Apf+Vy- (Uf) Tfi=v-Vof —2-Vyf
(JD, X. Li) take h = (f/f.)?/?, pe (1,2)
_ 2
O hoipns 222 VP A v v
ot P h

Twisted Fisher information

TAR] = (1=0) fau [Vohl? dp+ (1=X) fou [Vohl2 dp+ fpa [Vah + Vohl? dp

Theorem (JD, Li)

For an appropriate choice of t = \(t), there is a function t — p(t) > 1
a.e.

#Dwlh(t)] < =p(t) T lh(t)] V20

and T [h(t,)] < Tujalho] exp (- [y p(s) ds)
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Hypocoercivity methods

L?>-hypocoercivity: the strategy

(JD, Mouhot, Schmeiser) IT is the orthogonal projection on Ker(L)
€ C;—}; +TF=— LF
F.=Fy+eF +2 F, + O(e?) as 5—>0+, u=Fy=1IF,
Oyu+ (TI)* (T u=0
> Main assumption: macroscopic coercivity (Poincaré inequality)
ITILF[? 2 Ay [TIF|?

e = 1: the estimate $ 4| F[? = (LF,F) < - A, [ (1 = II)F[? is not

enough to conclude that |F(t,-)|? decays exponentially
The operator A := (1 + (TH)*TH)J(TH)* is such that

)\M

(ATIIF, F) > |\HF|\2

and we can use the L? entropy / Lyapunov functional
H[F]:= 3 |F|*+ 6 Re(AF, F)
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Hypocoercivity methods

H--hypocoercivity

> (S. Armstrong and J.-C. Mourrat). Variational methods for the
kinetic Fokker-Planck equation. arXiv:1902.04037, 2019

> (G. Brigati). Time averages for kinetic Fokker-Planck equations

Consider the kinetic-Ornstein- Uhlenbeck equation
Oh+v-Voh=Agh=Ayh—av(W)*2-V,h, h(0,--)=ho

on R* x (0, L)4 x R? (perlodlc boundary conditions in z) with local
equilibrium 74 (v) = Z; e~ (")

Theorem (Brigati)

Let > 1, L >0 and 7 >0. There exists a constant A >0 such that, for
all hg € L2(dx dvyy) with zero-average,

t+7
£ G M oanay 45 < MholBeasargy € V20
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H--hypocoercivity

Q=(0,7) % (0,L)%, and a > 0
> Averaging lemma

|Veepnlfii ) < da (||h = P2t de dy,y + |Oh+ 0 Vthiz(Q;H;l))

> A generalized Poincaré inequality (based on JL Lions’ lemma)

10022 at o dnay < C (10 = Pr1R2 at oy * 1960+ 0+ Tk e ooy )
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Hypocoercivity methods

With several conservation laws

(Carrapatoso, JD, Hérau, Mischler, Mouhot). Weighted Korn and
Poincaré-Korn inequalities in the Euclidean space and associated
operators. https://hal.archives-ouvertes.fr/hal-03059166

(Carrapatoso, JD, Hérau, Mischler, Mouhot, Schmeiser). Special
modes and hypocoercivity for linear kinetic equations with several
conservation laws and a confining potential
https://hal.archives-ouvertes.fr/hal-03222748

0]
87{+Tf:|—f7 Tf=v-Vof =Va-Vuf
Collision invariants [5, (1,v,[v[*)Lfdv =0

Difficulties:

— Rigid motions

— Time periodic solutions (breathers, rotations in phase space) when
¢ is quadratic
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Results in the diffusion limit / non-linear case

The Vlasov-Poisson-Fokker-Planck
system

> Linearized Vlasov-Poisson-Fokker-Planck system
> A result in the non-linear case, d = 1

@ (Addala, JD, Li, Tayeb) L2-Hypocoercivity and large time
asymptotics of the linearized Vlasov-Poisson-Fokker-Planck system.
Preprint hal-02299535 and arxiv: 1909.12762

@ (Hérau, Thomann, 2016), (Herda, Rodrigues, 2018)
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Linearized system and hypocoercivity

Results in the diffusion limit / non-linear case

Linearized Vlasov-Poisson-Fokker-Planck system

In collaboration with Lanoir Addala, Xingyu Li and Lazhar M. Tayeb

J. Dolbeault
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Linearized Vlasov-Poisson-Fokker-Planck system

The Viasov-Poisson-Fokker-Planck system in presence of an external
potential V' is

8tf+v'vﬂcf_(vmv+vaz¢)'vvf:Avf+vv'(Uf)
Do =pr= [ fdo

Linearized problem around f.: f = fi (1+nh), [[pagah fodedv=0
Oh+v-Veh—(ViV 4+ Vedi) Voh+v- Vot — Ayh+v-Voh =0 Vathp - Voh
Dot [ hfedv
R

Drop the O(n) term : linearized Viasov-Poisson-Fokker-Planck /
Ornstein- Uhlenbeck system
Oth+v-Vih—(VieV +Veds) Voh+0v-Vaothp —Ayh+v-Vyh =0

~Agtp = f hf,do, ff hf,dedo=0
]Rd RdXRd
(VPFPlin)

(VPFP)
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Linearized system and hypocoercivity
. Results in the diffusion limit / non-linear case
Vlasov-Poisson-Fokker-Planck : ¢ ¢ /

Hypocoercivity

Let us define the norm

2._ 2 2
= f[, w2 fdedvs [ (9ol do

Let us assume that d > 1, V(zx) = |z|* for some a>1 and M >0. Then
there exist two positive constants C and A such that any solution h

of (VPFPlin) with an initial datum ho of zero average with |ho ||2 < 00
is such that

|h(t, ) > <C |ho))® et V20
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Linearized system and hypocoercivity

5 Results in the diffusion limit / non-linear case
Vlasov-Poisson-Fokker-Planck 4

Diffusion limit

Linearized problem in the parabolic scaling

1
eOth+v-Vih— (VzV+Vx¢)*) Voh+v- wah_*(Avh_v'vvh)zo

—Azz/)h—[ hf,dv, f[ hfededo=0

(VPFPscal)
Expand h. = hg +ehy + €2 ho + O(e3) as € - 0,. With W, =V + ¢,
el: Ayho —v-Vyho =0
el v-Vaho = VaWi - Vyho + v Vatbp, = Ayhy —v -Vl
el Otho +v-Vihy =V W, -Vyhy = Ayho —v-Vyha

With u =Tlhg, —A%) = up., w=u+ 1,
u="hg, v-Vew=A,h1—-v-Vyhy
from which we deduce that A1 = —v-V,w and
ou—Aw+ VW, -Vu=0
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Linearized system and hypocoercivity

s e Wl = e Results in the diffusion limit / non-linear case

Results in the diffusion limit / in the non-linear case

Theorem

Let us assume that d > 1, V(z) = |z|* for some a>1 and M >0. For
any € >0 small enough, there exist two positive constants C and A,
which do not depend on e, such that any solution h of (VPFPscal)
with an initial datum hg of zero average satisfies

Ih(t, - )” <C |ho|® et ViE=0

Corollary

| \

Assume that d =1, V(z) = |z|* for some a>1 and M >0. If f
solves (VPFP) with initial datum fo = (1 + ho) f« such that hg has
zero average, |ho|® < oo and (1+hg) >0, then

[A(ts+,)I” <C [hol* e V20

holds with h = f[f« —1 for some positive constants C and A

V.
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Linearized system and hypocoercivity

Nonlinear diffusion equations
Hypocoercivity method 5 g A Fo g g
ypocoercivity metnoc Results in the diffusion limit / non-linear case

Vlasov-Poisson-Fokker-Planck

These slides can be found at

http://www.ceremade.dauphine.fr /~dolbeaul /Lectures/
> Lectures

The papers can be found at

http://www.ceremade.dauphine.fr/~dolbeaul /Preprints/
> Preprints / papers

For final versions, use Dolbeault as login and Jean as password

Thank you for your attention !
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Linearized system and hypocoercivity
Results in the diffusion limit / non-linear case

Decay and convergence rates for
kinetic equations

L? hypocoercivity: what can we do when at least one of the coercivity
conditions (microscopic coercivity or macroscopic coercivity) is
missing ¢

In collaboration with Emeric Bouin, Stéphane Mischler, Clément
Mouhot, Christian Schmeiser and Laurent Lafleche
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o4t N M e Results in the diffusion limit / non-linear case

The global picture: from diffusive to kinetic

@ Depending on the local equilibria and on the external potential
(which are Poincaré type inequalities) can be replaced by other
functional inequalities:

> microscopic coercivity

~(LE,F) 2 A |(1 - F|?

= weak Poincaré inequalities or
Hardy-Poincaré inequalities

> macroscopic coercivity
I TILF | > Ay |ILF |

== Nash inequality, weighted Nash or
Caffarelli- Kohn- Nirenberg inequalities

@ This can be done at the level of the diffusion equation
(homogeneous case) or at the level of the kinetic equation
(non-homogeneous case)
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Vlasov-Poisson-Fokker-Planck

Linearized sy

Diffusion (Fokker-Planck) equations

ystem and hypocoercivity
Results in the diffusion limit / non-linear case

: V(z) =1 log|e] V(z)=|al* V(z) = [a*

P ] = ©
ofentia V=0 < ac(0,1) a>1
Jeak Poincaré

) Caffarelli-Kohn Weak Poincaré .

Inequality Nash Nigenber or Poincaré
8 Weighted Poincaré

Asymptotic g {=(d=)/2 1 or t‘ﬁ—a) g
behavior decay decay convergence convergence

Table 1: Qwu=Au+ V- (uVV)

J. Dolbeault
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Linearized system and hypocoercivity
Results in the diffusion limit / non-linear case

Vlasov-Poisson-Fokker-Planck

a Kinetic Fokker-Planck equations

B = Bouin, L. = Lafleche, M = Mouhot, MM = Mischler, Mouhot
S

= Schmeiser
V) = loslel || Ve =laln | oS
Potential vV =0 x) =7y log|x x) =z a =1, or T
v<d a € (0,1) Macro Poincaré
DMS,
: NA0: b ischler-
Micro Poincaré BDMDS: BDS: ¢—(d—1/2 Cao: e, Mischler
F)=e ™" 5>1 ! deca; b<1,8=2 Mouhot
e decay Y convergence e A
convergence

) BDLS: ¢7¢,
F(v) = e 7,
B e (0,1) lnin{z,ﬁ'}
decay

BDLS,
fractional
t ¢, ¢ =
min {£,3d¢o}
Co =
max {6,5+2}

Fv) = (0)~4#

Table 1: O f +v - Vaof = F V,(F~1V,f). Notation: (v) = /1 + [v]?
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