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The mechanism of cell specialization

Can we describe quantitatively the process of specialization of the cells of an
individual during its development?

N—-1 . N — 3 . . . o .
|S R #{GC"‘%” e An individual is represented by a point

cloud in SN=1, each point being a cell.

e The i-th coordinate of a point measures

the expression rate of gene / in the as-
sociated cell.

e To a population corresponds a mea-

sure p on SV71 called intensity of the
cloud: p(A) = average number of cells

in A in our population.

Question: How to interpolate between these different intensities? Schiebinger &
al. 2019 (Cell), Lavenant & al. 2021 (preprint).
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Let po, p1 € M (T9). Our optimization problem reads

Among those fields p = p(t, x), v = v(t, x), r = r(t, x) satisfying:

2

. v
Orp +div(pv) = =Ap + pr,
ple=o = po,  ple=1 = p1,

find the ones minimizing:

/01/ {;Mt’XV +W(r(t, X))} p(t,dx)dxdt.

Question: How to chose W?
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Branching Brownian motion (BBM) as a reference model

We want a reference model including both random trajectories for the particles,
and the possibility for them to die or divide.

We choose the model of branching
Brownian motion: each particle of
diffusivity 2 > 0 has a random lifetime *
of law Exp(X), A > 0. When it dies,
it gives birth to k € N particles with I

probability px € [0, 1].

Remark: A and p could depend on t and x: A(t, x)dt represents the probability
for a particle in (t, x) to die between t and t+dt. Then, pi(t, x) is the probability
that it is replaced by k particles.
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X o Q := cadlag([0,1]; Ms(T9)), Ms(T?) being
x3 ; the set of sums of unitary Diracs on T¢.
. e If w € Qandt € [0,1], the value w; of the
X1

curve w at time t is therefore a sum of Diracs.

o R e P(Q): law of BBM of parameters v, A and
Here, wr = 0y, + 04y +0xs- | P = (Pk)k, of initial law Ry € P(Ms(T?)).

Fixing the marginals pg, p1 € M, (T9), our minimization problem reads:

Among those P € P(R) satisfying for all A € B(T?):
Eplwo(A)] = po(A)  and  Epfwi(A)] = p1(A).

find the ones minimizing

dP dP dP
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Equivalence of the models

RUOT Branching Schrédinger
Let v > 0 and V a function. R BBM of initial law Ry, of parame-
Find (p, v, r) s.t. ter v, X and p.
dep + div(pv) = %Ap + or, Find P € P(Q) s.t.
plt=o = po,  ple=1 = p1, Eplwi(A)] = pi(A), i=0,1,
minimizing minimizing H(P|R).

/01/ {'V; +\Ii(r)}pdxdt.

Main result (BL): If W is defined via its Legendre transform by:

W (s) = V)\Zpk {e(k—l)% — 1}7

The minimum in RUOT is the l.s.c. relaxation of the infimum in Branching

Schrédinger, up to an initial term.
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Changing the law: Let us call g = Ap. Let P be the law of the BBM of drift
v = v(t, x), whose branching events are describe by § = q(t, x), and of initial
law Py, then calling p(t) := Ep[w;] and r(t,x) := >, (k — 1)qk, we have:

Orp + div(pv) = KAp + pr,
VH(PIR) = vH(Po|Ro) //{ ()R + h(a(ex)la) | (. dx) e,

where h(qlq) = E Gk log % + gk — G-
k
k

Observation: Provided V is defined as before,
W(r) = inf{h(a|q) - S (k- 1)di = r}.

A counter-example to equality: In RUOT, we can connect 0 to p; # 0. In

branching Schrédinger it is not possible.
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